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Executive Summary 

The overarching challenge of i4Driving project is to deliver a new library of credible models of heterogeneous 

human driver behaviours which provides a human road safety baseline for CCAM virtual assessment. 

Developing a new library means a combination of models, suitable and valid for both scenario-based and 

traffic-based safety assessment, which bring the heterogeneity and complexity of the road traffic system into 

simulation. Adding sufficient heterogeneity does justice to the diversity of human driving behaviours and 

drives the occurrence of both “uncritical” and safety critical situations in daily traffic. Sufficient system 

complexity is needed to make a robust and meaningful analysis of road safety. 

As part of the i4Driving project, Work Package 4 (WP4) aims to encode the heterogeneity of human and 
external factors (e.g., gender, ageing, driving experience or weather conditions) resulting from naturalistic 
driving studies (NDS) and driving simulation experiments (DSE), into probabilistic distributions and 
correlation structures of model parameters.  

Task 4.1, that is the subject of the current Deliverable, deals with the critical review of state-of-the-art 
techniques to model drivers’ heterogeneity. To fulfil this task, a definition of driver’s heterogeneity and of 
uncertainty that arises from it have been firstly formulated relying on the most recent literature frameworks.  

Heterogeneity is a comprehensive term, which can be defined as the difference in behaviours of 
driver/vehicle combinations driving under comparable conditions, both for longitudinal and lateral 
movement, i.e., the same stretch of road, the same traffic conditions, similar weather conditions and so on, 
and it can be subdivided into inter-driver and intra driver heterogeneity.  

Uncertainty arises when modelling driver’s heterogeneity, and it can be classified into epistemic and aleatory 
uncertainty. Epistemic uncertainty stems from a lack of knowledge about the system or environment and can 
be reduced through data collection and model refinement. Aleatory uncertainty, on the other hand, is 
inherent randomness or variability of the variables in the system and cannot be fully reduced.  

Managing uncertainty in the modelling process involves several steps: problem specification, quantification 
of uncertainty sources, uncertainty propagation, uncertainty quantification, and sensitivity analysis. These 
steps help keeping track of the uncertainty from input to output, and refine the model based on feedback 
and sensitivity analysis.  

To critically review state-of-the-art techniques for modelling driver heterogeneity, this report focusses on 
methodologies for quantifying input uncertainty, specifically addressing the inverse estimation or calibration 
problem.  

The inverse estimation problem consists in the estimation of parameters to maximize the model’s descriptive 
power to reproduce local driver behaviour and/or collective traffic-flow characteristics. The descriptive 
power is specified by an objective function to be applied to the test data.  

The Deliverable outlines the frameworks used to tackle the inverse problem, and it is structured into several 
sections: 

• the estimation methods, 

• the approaches to model state computation, 

• specific applications of calibration techniques on longitudinal and lateral models, 

• Machine learning applications to address the calibration problem, 

• traffic simulation in practice. 

In the estimation methods section, different methodologies are identified: the Least Square Error method 
(LSE), the Maximum Likelihood Estimation method (MLE), Method of Simulated Models and Bayesian 
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approaches. While LSE, MLE, and Bayesian approaches are implemented for longitudinal models, the Method 
of Simulated Moments is applied for lateral models. 

The approaches to model state computation section makes a distinction between single-step and simulation-
based model evaluation, also known in the literature as local and global calibration approaches.  

The subsequent sections of the Deliverable delve into specific applications of calibration techniques. 

The longitudinal models calibration applications section reviews state-of-the-art techniques for calibrating 
longitudinal models, categorizing them based on estimation methods, approaches to model state 
computation, and the type of heterogeneity addressed.  

An overview of lane changing application is also provided. Existing Lane changing models have been 
categorized as deterministic or probabilistic, depending on their approach to capturing driver behaviour. 
Deterministic models use predefined rules, while probabilistic models use probabilistic frameworks or game 
theory. Different calibration approaches, such as maximum likelihood estimation (MLE) and method of 
simulated moments (MSM), have been used.  

Subsequently, the Deliverable explores the application of calibration techniques in the Machine Learning 
field, presenting a critical review of state-of-the-art methods and approaches both for longitudinal and lateral 
models. A classification of literature frameworks has been done basing on the typology of neural network 
adopted, the predicted variable, and the loss function used to evaluate the model performance and goodness 
of data fit.   

In addition, a complimentary approach is depicted using the perception of environment parameters to 
generate a situation analysis of the vehicle behaviour for the own EGO and surrounding objects (OBJ) 
vehicles. Its goal is to recognize manoeuvres, e.g. cut-in, cut-out, lane follow, car/object follow, which might 
have an impact on road safety and therefore might be relevant for collision avoidance functionality of an 
automated vehicle. From automotive perspective, this complimentary model of vehicle behaviour and 
manoeuvre recognition is essential for the Adaptive Cruise Control (ACC) functionality of a vehicle at different 
levels of automation (from manually driven, through Driver Assistance Systems, up to automation levels SAE3 
– SAE5). Therefore, it enriches the modelling of drivers’ heterogeneity by combining the uncertainties in 
vehicle behaviour with the uncertainty due to human factors. The need of this combination is required due 
to the increased level of automation under the conditions of mixed traffic, where all manoeuvres should be 
qualitatively accurately and recognized as early as possible, independent of whether a human or a robot is 
steering a vehicle. This is also important for the sustainability of our approach to modelling of drivers’ 
heterogeneity from different perspectives.    

Finally, the document concludes with a section on uncertainty modelling in traffic simulation practice, 

offering an overview of available guidelines for modelling uncertainty, with a particular focus on calibration 

and validation of microscopic models.  
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1 Introduction 

1.1 Driver’s heterogeneity 

The objective of the work of Task 4.1, which is addressed in this report, is to conduct a critical review of the 
available approaches to modelling the heterogeneity of driving behaviours. 

Heterogeneity is an important facet of human driving behaviour due to its large impact on traffic flow and 
road safety. It encompasses factors such as age, driving experience, driving style, adherence to traffic rules 
and responsiveness to traffic conditions. Some drivers may exhibit cautious and rule-abiding behaviours, 
while others may display more aggressive or negligent tendencies. 

The presence of diverse drivers and traffic poses implications for road safety and traffic management, 
necessitating the implementation of targeted measures and policies to accommodate varying driver 
characteristics and behaviours, as well as to regulate and optimise the flow of vehicles in a safe and efficient 
manner. Overall, it is mandatory to correctly encode heterogeneity of driving behaviours in a traffic model to 
produce coherent outputs and meaningful analyses. 

As stated by Ossen & Hoogendoorn (2011), heterogeneity is a comprehensive term which can be defined as 
“the difference between the longitudinal and lateral behaviours of driver/vehicle combinations driving under 
comparable conditions, i.e. the same stretch of road, the same traffic conditions, similar weather conditions 
and so on”.  

Two types of heterogeneity have been discerned, namely, driving style heterogeneity and heterogeneity 
within a driving style.  The first type of heterogeneity, that is driving style heterogeneity, refers to 
heterogeneity in which the driving styles of drivers are inherently different. In this case different drivers have 
a different driving objective when following another car and react, for example, to different stimuli regarding 
their leader(s) or use a different driving rule for determining an appropriate control action. The second type 
of heterogeneity, namely heterogeneity within a driving style, refers to differences in degree between the 
group of drivers reacting to the same stimuli and applying the same driving rule. This last type of 
heterogeneity is assumed in most microscopic simulation tools in which the same models are used for all 
drivers while behavioural parameter values are varied among drivers Ossen & Hoogendoorn (2011).  

Overall, both types of heterogeneity are also addressed as inter-driver variability, in contrast to intra-driver 
variability, which reflects that a single individual can change his or her behaviour over time or as a result of 
the traffic environment (Treiber & Kesting, 2013b; Punzo & Montanino, 2020). 

1.2 Uncertainty in the modelling process 

Encoding drivers’ heterogeneity in a model introduces uncertainty in the modelling process.  

As expressed by Punzo and Montanino (2020), uncertainty means an inevitable imperfect knowledge that 
humans have of any natural or man-made system. According to Walker et al. (2003), uncertainty is “any 
deviation from the unachievable ideal of completely deterministic knowledge of the relevant system”. 
According to Punzo and Montanino (2020), uncertainty should never be understood as an intrinsic 
characteristic of a system, but it arises whenever an individual observes a system, or attempts to describe it 
through a mathematical model, either for analysis i.e. for diagnosis, or for prediction i.e. for prognosis. 
Therefore, as an operational definition in scientific modelling, uncertainty can be intended as “any deviation 
of model outputs from the true states of the modelled system”. Consequently, quantitative treatment of 
uncertainty means any method aimed at reducing modelling uncertainty, that is reducing model deviations 
from a real system. 

In the aim of reducing modelling uncertainty, it is necessary to preliminary investigate its nature, since it 
affects the true possibility of reducing it. In this regard, two categories of uncertainty have been identified in 
the scientific literature (Punzo & Montanino, 2020): 
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• Epistemic uncertainty. It refers to that part of uncertainty deriving from a lack of knowledge 
about the system or the environment and representing a potential inaccuracy in any phase or 
activity of the modelling process (Oberkampf et al., 2002). As such, it can potentially lead to a 
strong bias of results i.e., systematic deviation of model outputs from the true states of a system. 
It was also called ignorance (Ferson & Ginzburg, 1996), incertitude or subjective uncertainty 
(Helton, 1994). It can be reduced by collecting more data or information, increasing the 
measurement techniques, the model structure, the resolution method, the numerical precision, 
etc. Usually, it is not naturally defined in a probabilistic framework (De Rocquigny, 2009).  

• Aleatory uncertainty. It is supposed to arise from an intrinsic randomness of a phenomenon or a 
system. It typically originates from a variability in space or time of a system characteristic (e.g. 
soil permeability) or variability within a population (e.g. heterogeneity of drivers’ characteristics). 
It is also referred to as randomness (Parry, 1996), stochastic uncertainty (Helton, 1994), variability 
resulting from heterogeneity or stochasticity (Ferson & Ginzburg, 1996), intrinsic uncertainty (De 
Rocquigny, 2012) or objective uncertainty. Aleatory uncertainty does not respond to empirical 
efforts or increase in the knowledge of a system the way epistemic uncertainty does. Though not 
fully reducible (i.e., there is no possibility of reducing the uncertainty of model outputs.), to some 
extent it is possible to characterize its magnitude (De Rocquigny, 2012; Ferson & Ginzburg, 1996). 

It is worth noting that the cited scientific literature assumes that the epistemic uncertainty directly results 
from the modelling activity – it arises whenever an external observer attempts to build a mathematical model 
of a system – as opposed to aleatory uncertainty that is considered intrinsic to a system (see e.g. the 
“unpredictable” variability of drivers’ characteristics in a population or over time).  

However, this distinction – between an uncertainty which is proper of a model and an uncertainty which is 
intrinsic to a system – is somewhat misleading. In fact, even when speaking of aleatory uncertainty of a 
system, we are not really interested in such uncertainty per se, but in its representation into a model. If we 
agree on this, it is easy to acknowledge that aleatory uncertainty has a “partly epistemic” nature too. For 
instance, let us assume to represent aleatory uncertainty in a model through random variables i.e., in a 
probabilistic framework. Shapes and parameters of the random variables distributions are initially unknown 
to the analyst, i.e. they are uncertain themselves. In fact, the additional uncertainty – which is epistemic in 
nature, because it can be reduced by estimation – arising every time aleatory uncertainty is injected in a 
model, has been called “uncertainty about the uncertainty” (De Rocquigny et al., 2008) or “epistemic 
uncertainty about the aleatory characteristics of a system” (De Rocquigny, 2012). 

On the other hand, from a merely epistemological perspective, there would be no difference at all between 
the two. Indeed, the notion of “uncertainty” is inherently subjective, as always referring to a limited state of 
knowledge of an external observer. In fact, what is uncertain for an observer might be not uncertain for 
another. Even intrinsic randomness i.e., aleatory uncertainty, is subjective, if we recognize that a system 
output is not random per se, rather for the observer’s “limited eyes” (for instance, think about individual 
drivers’ characteristics within a population, which are usually considered as random in simulation; 
connectivity of vehicles allows us to identify each individual vehicle, thus eliminating such randomness in a 
real time simulation). 
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1.2.1 Flow of uncertainty in a traffic simulation model 

In Figure 1 the whole flow of uncertainty in a traffic simulation model is represented according to previous 
definitions. 

The light-blue boxes represent the three sources of uncertainty: parametric inputs, non-parametric inputs, 
and the model itself: these are where uncertainty originates.  

Parametric inputs basically consist of model structural parameters (e.g., the free-flow speed in a fundamental 
diagram or in a car-following model). They might also include the probability density function (pdf) of model 
parameters, or of sub-model residuals. Nonparametric inputs are all the model inputs but the parametric 
ones, such as the origin-destination demand flows, the road network, or the traffic control. The third source 
is the model itself.  

For the three sources of uncertainties, a reducible and an irreducible component is distinguished. The dashed 
grey boxes refer to the reducible part of the uncertainty (i.e., that epistemic in nature), while the dashed red 
circles to the irreducible part, that is the simulated random variability of the system. As mentioned, a 
distinction between the natures of uncertainties is crucial, as different natures imply different treatments. 
Eventually, uncertainty in the outputs results from a complex mixing of all previous uncertainties during the 
modelling process. 

Let us provide more details on the elements in Figure 1 using traffic microscopic simulation as example. 
Concerning parametric inputs, sub-models of a traffic micro-simulation software have several uncertain 
parameters. Examples are driver’s reaction time or desired speed in a car-following model. The variability of 
parameters within a drivers’ population is a major source of uncertainty. In fact, each driver is simulated as 
an agent and any agent has his own model parameters (i.e., inter-driver heterogeneity). Such parameters 

eOUT = F (ePI, eNPI, eM, randomness)

Parametric inputs

• Pdfs of time-independ. parameters

• Pdfs of time-varying parameters

Uncertain outputs

Sources of uncertainty

Epistemic uncertainty

Aleatory uncertainty/ 
Random variability

natures of uncertainty

ePI       = estimation uncertainty of parametric inputs

eNPI     = estimation/measurements uncertainty of non-parametric inputs

eM        = model uncertainty

eOUT    = model output uncertainty

ePI

+

Non-parametric inputs

• Input data  (e.g. O/D, control)

ePI

+

ePI

eNPI

eM• Model formula

• Integration step
• Numerical resolution
• …

Traffic simulation model

+

Figure 1: Sources and natures of uncertainty, and its propagation flow throughout traffic simulation 
(Punzo and Montanino, 2020). 
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may also vary in time. The characterization of said parameters variabilities is therefore preliminary to any 
modelling effort. This activity is usually referred to as “modelling of input uncertainty”. 

The uncertainty resulting from this estimation effort is usually referred to as estimation uncertainty. 
Corresponding model residuals are also called estimation errors and are indicated as 𝜀𝑃𝐼 in Figure 1. The role 
of the estimation uncertainty within the modelling process may be different depending on the approach 
followed in the estimation itself.  

Once pdfs have been estimated, values of parameters for each agent (i.e., each driver) are drawn from these 
pdfs during one simulation run (usually when an agent is generated). Random sampling from those pdfs relies 
on sequences of pseudo-random numbers that, unless explicitly specified by the analyst, are different from 
one run to the other. Therefore, even if a model is fed with identical inputs in two, or more, different runs, 
different random number sequences will yield different temporal concatenations of events, that is different 
outputs among runs. 

This outputs randomness among runs accounts for a not explained or explicitly modelled variability in the 
system, i.e., it constitutes the irreducible part of the system aleatory uncertainty. To represent said system 
irreducible uncertainty in the model outputs, the model must be run multiple times. These multiple runs are 
often referred to as replications. 

Adapting Saltelli’s quotation to a narrower context – “Uncertainty is not an accident of the scientific method, 
but its substance” (Saltelli et al., 2008) – It is said that such irreducible uncertainty is not an accident of 
stochastic simulations, rather their substance, as it reproduces variability in real world. An immediate 
practical consequence of this consideration is that the results from stochastic traffic simulations must be 
analysed and presented in form of probability distributions or meaningful probability metrics, like relevant 
percentiles. The widespread practice of comparing different traffic scenarios through averages of several 
scenario simulations is likely to provide an incomplete or artefactual system representation. 

For non-parametric inputs, the reducible part of uncertainty originates either from input estimation, from 
measurements, or from model implementation. Corresponding errors are indicated as 𝜀𝑁𝑃𝐼 in Figure 1. When 
non-parametric inputs are modelled through random variables, they give rise also to an irreducible 
uncertainty. Similar to parametric inputs, this irreducible uncertainty originates from the input pdfs sampling. 

The uncertainty (i.e. model residuals and randomness) resulting from parametric and non-parametric inputs 
propagate through the model together with the model uncertainty. In model uncertainty we may have both 
an epistemic and an aleatory component too. The former is measured by model errors, 𝜀𝑀. These can be due 
to either modelling assumptions or un-modelled details of a phenomenon (see e.g. multi-anticipatory driving 
behaviour in car-following models), or to mathematical structures, resolution methods or integration steps. 
Instead, the aleatory component may be due to the heterogeneity of models among the agents’ population 
(i.e. different agents can obey to different model or control logics). 

Table 1 provides questions exemplifying the different natures of uncertainty – reducible vs. irreducible – for 
each one of the sources identified for a traffic modelling process. 

The process of repeatedly running the model allows mapping the input uncertainty in the output uncertainty. 
In the cross-field literature, this mapping process is usually referred to as “uncertainty propagation” (De 
Rocquigny et al., 2008). 
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 Reducible uncertainty  Irreducible uncertainty 

Parametric inputs What is the pdf of drivers’ reaction times? 
What are the pdf parameters? 

What will be the average reaction time of a 
specific driver? What will be the sequence of 
her/his reaction time over time? 

Non-parametric 
inputs 

What is the expected number of trips for an 
O/D pair in a simulation interval? 

What will be the departure time at a trip 
origin of a specific vehicle? 

Model 
What is the distribution of controllers (both 
for human-driven vehicles and CAVs) in a 
mixed heterogeneous traffic? 

What will be the controller of a vehicle that 
crosses a specific location at a given time? 

As already anticipated, the uncertainty resulting in the outputs originates from the complex mixing of all said 
uncertainties, that can be estimation errors, measurement errors (of non-parametric inputs), model errors 
and the randomness originating from the pdf inputs sampling. For non-additive models – as traffic simulation 
models typically are – the output uncertainty is not equal to the sum of all mentioned uncertainties. As long 
as these uncertainties integrate in simulation, their interaction effects on output uncertainty can result even 
higher than their direct or first-order effects (Saltelli et al., 2008), as long as sufficient seeded runs are 
performed. The impact of such a complex mixing of uncertainties on the meaning itself of the modelling 
process must be therefore carefully understood and considered. It is the case, for instance, of full inversion 
problems, where the entire model is applied to estimate some of its uncertain inputs. 

1.2.2 Management of uncertainty in a modelling process 

As discussed in the previous sections, the stochasticity of traffic simulation outputs is not an accident of the 
simulation process. Indeed, the stochasticity or uncertainty in outputs should reproduce that observed in the 
real-world. This is a major goal for a modeller. Though apparently obvious, the requirement has non-trivial 
implications, as it calls for a structured process of identification, quantification and reduction of the model 
uncertainty (De Rocquigny et al., 2008). The ensemble of these steps is often referred to as management of 
uncertainty or uncertainty treatment of a modelling process. 

A general framework for the management of uncertainty in a modelling process is represented in Figure 2. 

 

Table 1: Questions exemplifying the natures of uncertainty for each source of uncertainty in a traffic simulation model 
(Punzo and Montanino, 2020). 
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The framework is composed by five steps. The first three steps have already been introduced above (Par. 
1.2.1). It is worth noting that step B i.e. the modelling of input uncertainty has not been depicted in Figure 1, 
where only the resulting input estimates have been shown (i.e. the grey boxes). Moreover, the red circles in 
Figure 1, representing the sampling from inputs pdfs, are not visible in Figure 2, as they are implicitly included 
in step C i.e. in the uncertainty propagation. 

The first step (step A in the figure) consists in the problem specification, which involves the definition of the 
input and the output variables, the model specification, and the identification of the quantities of interest for 
measuring the uncertainty in the outputs. Input variables may be uncertain or fixed, this mainly being the 
analyst choice. Establishing what variables are considered uncertain or fixed is crucial for the meaningfulness 
of the results. 

The second step (step B) is the quantification of the uncertainty sources (modelling of the input uncertainty) 
often referred to as input estimation, or calibration or, more generally, data assimilation. This is the step 
traffic scientific literature has mainly focused on. In a probabilistic setting this phase implies the definition of 
an uncertainty model of inputs, i.e. the joint pdf of the uncertain inputs, or their marginal pdfs with simplified 
correlation structures or even independence assumptions. It involves gathering information via direct 
observations, expert judgements, physical arguments or indirect estimation and it is often the most 
expensive phase of the analysis. 

The uncertainty propagation (step C) is necessary to map the input uncertainty in the output uncertainty 
measures. As mentioned, a Monte Carlo simulation framework is often adopted to this aim. The model is 
repeatedly run with parametric, non-parametric inputs, models and other uncertain factors being sampled 
from their pdfs or ranges. The sampling is designed to produce a full coverage of the multi-dimensional input 
space, to capture the impact on the outputs of the contemporary variation of all uncertain inputs/factors and 

Figure 2: General framework for the management of uncertainty in a modelling process (Punzo and 
Montanino, 2020). 
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models. Low discrepancy sequences of numbers also known as quasi-Monte Carlo or Sobol’s sequences, are 
proved to be the most effective sampling scheme available (i.e. in comparison to grids, pseudo-random, Latin 
Hypercube or other sequences as Halton, see Saltelli et al. (2008). 

Once the uncertainty in the inputs has been propagated in the outputs through the model, outputs 
uncertainty can be quantified by means of pdf or relevant quantities such as percentiles (Step D: uncertainty 
quantification). At this stage, it is possible to compare model outputs with reality e.g. to validate the model. 
In fact, the main objective of system modelling is that of reproducing the observed phenomenon with the 
same degree of variability of a real system. 

Unfortunately, it is common that a model output is not yet valid after this first round, thus a model refinement 
is needed. The likelihood of success of this refinement dramatically increases if it is informed with feedback 
from the modelling process. Such feedback is commonly referred to as sensitivity analysis (step E). It allows 
the analyst to apportion the output variance (which is a proxy the output uncertainty) to each of the input 
factors. Inputs that are responsible for a negligible aliquot of this variance can be therefore considered as 
fixed in subsequent simulations and analyses, thus reducing the problem complexity (this is referred to as a 
“factor fixing” setting of sensitivity analysis). A reference book for the topic is Saltelli et al. (2008). 

1.3 Objectives of the current work  

The definition of heterogeneity, as well as the description of uncertainty in the modelling process, are crucial 
in outlining the objectives of the work of Task 4.1, that is to conduct a critical review of the available 
approaches to modelling the heterogeneity of driving behaviours. This report thus focuses on the analysis of 
methodologies for quantifying input uncertainty, that is Step B depicted in Figure 2. Therefore, among the 
techniques for estimating input uncertainties due to drivers’ population heterogeneity, the problem of 
inverse estimation, better known as model calibration, is here addressed. 

As stated by Treiber and Kesting, the inverse estimation or calibration problem is “the estimation of 
parameters to maximise the model’s descriptive power to reproduce local driver behaviour and/or collective 
traffic-flow characteristics. The descriptive power is specified by an objective function to be applied to the 
test data” (Treiber & Kesting, 2013b). 

In a full inverse estimation problem, where a full model is applied in the estimation of uncertain inputs (being 
parametric, non-parametric, or both), the uncertainty due to all types of errors is included alongside the 
uncertainty of the quantities being estimated. Therefore, estimated inputs compensate all other errors. 

The frameworks used in the current work to challenge the inversion problem can be structured as follows: 

• Estimation methods (Section 2). In this section three different methodologies are identified: 
o Least Square Error method 
o Maximum Likelihood Estimation method 
o Bayesian approaches 

• Approaches to model evaluation (Section 3). In this section the difference between a single-
step model evaluation and a simulation-based model evaluation is introduced. These 
approaches have been called local and global, respectively, in (Treiber & Kesting, 2013a, 
2013b). 

• Longitudinal models calibration applications (Section 4). In this section a critical review of 
the state-of-the-art calibration techniques on Longitudinal models is made. Frameworks 
depicted by several authors have been divided according to estimation methods and 
approaches to model state computation adopted, as well as the type of heterogeneity 
addressed.  

• Lateral models calibration applications (Section 5). In this section a critical review of the 
state-of-the-art calibration techniques on Longitudinal models is made. 
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• Neural Network applications (Section 6). In this section a critical review of the state-of-the-
art calibration techniques on neural network applications is made. 

• Uncertainty modelling in traffic simulation practice (Section 7). In this section a general 
overview of available guidelines to model uncertainty in traffic simulation practice is 
provided, with an emphasis on calibration and validation of microscopic models. 
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2 Estimation methods 

When it comes to estimating car following parameters, there are several methods that can be employed. 
These methods are used to determine the parameters that govern the behaviour of vehicles in a car-following 
scenario, such as the desired time headway, sensitivity to the lead vehicle, and reaction time. It's worth 
noting that the choice of method depends on various factors such as the availability of data, complexity of 
the car-following behaviour, and computational resources. Researchers often combine multiple methods to 
obtain more accurate parameter estimates and validate their findings. Therefore, the calibration problem can 
be formulated through the following methodologies: the Least Squared Errors (LSE) method, the Maximum 
Likelihood Estimation (MLE) method, and the Bayesian method: in the last one an LSE or a MLE method has 
been implemented inside as a link between the prior and posterior distributions. 

2.1 Least Squared Errors (LSE) method 

Estimating car following parameters based on LSE is a statistical approach that considers the potential 
correlation and heteroscedasticity (unequal variances) in the observed data. LSE is an extension of ordinary 
least squares (OLS) regression that allows for more robust parameter estimation.  

A general formulation of the LSE method as a calibration problem is as follows (Punzo et al., 2021; Sharma et 
al., 2019): 

 𝑀𝑜𝑃𝑠𝑖𝑚 = 𝐹(𝜷) 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑓(𝑀𝑜𝑃𝑜𝑏𝑠, 𝑀𝑜𝑃𝑠𝑖𝑚) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜: 𝐿𝐵𝜷 ≤ 𝜷 ≤ 𝑈𝐵𝜷, 𝐺(𝜷) ≤ 0 

 

 (1) 

where 𝜷 is a vector of Model parameters (number of parameters can change depending on the model 
adopted) to be calibrated; 𝐹(𝜷) is a specific model, that is a function of the parameters 𝜷; 𝐿𝐵𝜷 and 𝑈𝐵𝜷 

represent the lower and the upper bound for the parameters 𝜷, respectively; 𝐺(𝜷) is a vector of constraint 

functions; 𝑀𝑜𝑃𝑜𝑏𝑠 and 𝑀𝑜𝑃𝑠𝑖𝑚 represent observed and simulated 𝑀𝑜𝑃, respectively; 𝑓(𝑀𝑜𝑃𝑜𝑏𝑠, 𝑀𝑜𝑃𝑠𝑖𝑚) is, 
as a 𝐺𝑜𝐹 function, the optimization objective function. 

The aim of the calibration method is to minimize 𝑓(𝑀𝑜𝑃𝑜𝑏𝑠, 𝑀𝑜𝑃𝑠𝑖𝑚). In this general formulation, there are 
six important elements related to model calibration: the model itself, data and data/model integration 
scheme, the 𝑀𝑜𝑃, the 𝐺𝑜𝐹, and the optimization algorithm. 

2.2 Maximum Likelihood Estimation (MLE) method  

MLE is a statistical method, explicitly based on probabilities, which is used to estimate the parameters of a 
model that maximise a likelihood function. According to Treiber and Kesting (2013b), stochastic elements 
with specified statistical properties are necessarily needed, either in the model, or in both model and data. If 
the model to be calibrated is deterministic, a stochastic term may be added. 

Let 𝑦⃗𝑖(𝑡𝑘) indicate the observed state of vehicle 𝑖 at timestep 𝑡𝑘 = 𝑘ℎ, where ℎ is the observation time step. 
The residual of the observed and the predicted 𝑥⃗𝑖(𝑡𝑘) state is as follows: 

 𝑟𝑖(𝑡𝑘) = 𝑦⃗𝑖(𝑡𝑘) − 𝑥⃗𝑖(𝑡𝑘) (2) 

The residuals 𝑟𝑖(𝑡𝑘) = 𝑟𝑖(𝑡𝑘 ∣ 𝜃𝑖) are function of parameters 𝜃𝑖 because we know that the driver state 𝑥⃗𝑖(𝑡𝑘) 

is a function of the parameters 𝜃𝑖 of the model.  
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If we indicate the function of residuals’ joint-probability density as  𝑝𝐾(𝑟𝑖(𝑡𝑘), … , 𝑟𝑖(𝑡𝑘), 𝑟𝑖(𝑡𝐾)), we can define 

MLE as follows: 

 𝜃
ˆ

= arg max𝐿(𝜃) (3) 

Where the likelihood function 𝐿(𝜃) is defined as:  

 𝐿(𝜃) = 𝑝𝐾(𝑟𝑖(𝑡𝑘), … , 𝑟𝑖(𝑡𝑘), 𝑟𝑖(𝑡𝐾)) (4) 

We can define the likelihood function 𝐿 as follows if we assume the residuals are independent:  

 
𝐿(𝜃) = ∏  

𝐾

𝑘=1

𝑝(𝑟𝑖(𝑡𝑘)) 
(5) 

With further assumption of multivariate normal distribution with zero mean and covariance matrix Σ for the 

residuals 𝑟𝑖, the MLE of parameters 𝜃 can be found by maximizing 𝐿∗(𝜃)  as follows:  

 𝐿∗(𝜃) = 𝐿̃(𝜃, Σ̂(𝜃)) (6) 

2.3 Method of simulated moments 

The method of simulated moments (MSM), developed by McFadden in 1989, extends the generalised 
method of moments. MSM involves minimising the distance between the simulated moment and the 
empirical moment while varying the parameters: 

 𝜃 = arg min
𝜃

[𝑀𝑆(𝜃̅) − 𝑀]′𝑊[𝑀𝑆(𝜃̅) − 𝑀]  

 

(7) 

Where 𝑀𝑆 represents the simulated moment and 𝑀 is the empirical moment. 

For a more detailed understanding of the method see the work of Jalali et al. (2019). 

The steps involved in the Method of Simulated Moments are as follows: 

1. Specify the moment conditions based on the statistical model and the parameters to be estimated. 

2. Simulate data from the model using different parameter values. 

3. Calculate the simulated moments from the simulated data. 

4. Estimate the parameters by minimising the distance between the empirical moments and the 

simulated moments using an optimisation algorithm.  

5. Repeat steps 2-4 for multiple iterations to improve the accuracy of the estimation. 

2.4 Bayesian estimation approaches 

Bayesian approaches are a class of calibration techniques whose interest is, according to Van Hinsbergen et 
al. (2009), in finding the posterior probability function of a parameter vector 𝜽 which contains all parameters 
of a longitudinal model after having used some dataset 𝐷 for calibration. 

Therefore, these approaches base their assumptions on the Bayes’ theorem:  
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 𝑃(𝜽|𝐷) =
𝑃(𝐷|𝜽)∙𝑃(𝜽)

𝑃(𝐷)
      (8) 

where, 𝜽 denotes vector of model parameters; 𝐷 denotes the actual observations, i.e. the experimental data 
available; 𝑃(𝜽) denotes the prior distribution of the model parameters 𝜽; 𝑃(𝐷) is a normalization factor; 
𝑃(𝜽|𝐷) denotes the posterior distribution of the model parameters 𝜽, given the actual observations 𝐷; 
𝑃(𝐷|𝜽) denotes the conditional probability of the observation given the “cause” 𝜽; 𝑃(𝜽|𝐷) denotes the 
posterior distribution of the model parameters 𝜽, given the actual observations 𝐷.  

Whatsoever Bayesian estimation technique is used, the prior probability distribution 𝑃(𝜽) is known by 
previous literature studies: previous analyses should be done using the same data 𝐷 and certainly the same 
model of the actual ones to have consistent results (although it does not represent a necessary condition). 
Moreover, the conditional probability 𝑃(𝐷|𝜽) is nothing other than the likelihood or the LSE function (non-
optimized) detailly described in the previous paragraphs: therefore, within this term a longitudinal model is 
performed using an LSE or a MLE calibration technique.  

Finding the posterior probability function 𝑃(𝜽|𝐷) means calculating its distribution parameters (i.e. its mean, 
mode, median, variance, etc.). Therefore, several Bayesian estimation frameworks have been developed, 
based on different assumptions made about distribution of the prior 𝑃(𝜽) and the conditional probability 
𝑃(𝐷|𝜽), as well as on which distribution parameter each author wants to obtain. 
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3 Approaches to model evaluation 

In the calibration of an acceleration model, the model prediction can be made following two approaches: a 
single-step model evaluation (starting from observed data), and a simulation-based model evaluation 
(involving the simulation of an entire trajectory). 

In the single-step model evaluation, the prediction of the follower vehicle kinematics at the next instant is 
calculated through Eq.9 using observed data at the current instant, i.e., the observed speed of the follower 

vehicle, 𝑣𝑓
𝑜𝑏𝑠(𝑡), the observed inter-vehicle spacing between the leader and the follower vehicles,  𝑠𝑜𝑏𝑠(𝑡), 

and the observed difference between the speed of the leader and follower vehicles, ∆𝑣𝑜𝑏𝑠(𝑡): 

 

{

𝑎𝑓(𝑡) = 𝑓(𝑣𝑓
𝑜𝑏𝑠(𝑡), 𝑠𝑜𝑏𝑠(𝑡), ∆𝑣𝑜𝑏𝑠(𝑡), 𝜷)

𝑣𝑓
𝑠𝑖𝑚(𝑡 + Δ𝑡) = 𝑣𝑓

𝑜𝑏𝑠(𝑡) + 𝑎𝑓(𝑡) ⋅ Δ𝑡

𝑥𝑓
𝑠𝑖𝑚(𝑡 + Δ𝑡) =  𝑥𝑓

𝑜𝑏𝑠(𝑡) + 0.5 ∙ [𝑣𝑓
𝑜𝑏𝑠(𝑡) + 𝑣𝑓

𝑠𝑖𝑚(𝑡 + Δ𝑡)] ∙ Δ𝑡

   

   (9) 

Where Δt is the integration step and 𝜷 is the vector of car-following model parameters. 

In the simulation-based model evaluation, the prediction of the follower vehicle kinematics at the next instant 
is calculated through Eq.10, using the model prediction at the current instant, as inputs: 

           

{

𝑎𝑓(𝑡) = 𝑓(𝑣𝑓
𝑠𝑖𝑚(𝑡), 𝑠𝑠𝑖𝑚(𝑡), ∆𝑣𝑠𝑖𝑚(𝑡), 𝜷)

𝑣𝑓
𝑠𝑖𝑚(𝑡 + Δ𝑡) = 𝑣𝑓

𝑠𝑖𝑚(𝑡) + 𝑎𝑓(𝑡) ⋅ Δ𝑡

𝑥𝑓
𝑠𝑖𝑚(𝑡 + Δ𝑡) =  𝑥𝑓

𝑠𝑖𝑚(𝑡) + 0.5 ∙ [𝑣𝑓
𝑠𝑖𝑚(𝑡) + 𝑣𝑓

𝑠𝑖𝑚(𝑡 + Δ𝑡)] ∙ Δ𝑡

   

   (10) 
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4 Longitudinal models calibration applications 

4.1 General overview 

In this report the calibration problem for longitudinal models is addressed using only microscopic traffic flow 
observations, which include trajectories, extended floating-car data, and single-vehicle data. Therefore, 
calibration to macroscopic observations is not addressed here. 

According to the framework of Treiber and Kesting (Treiber & Kesting, 2013b), several preparatory steps are 
necessary before using that kind of data. Briefly, these steps consist in checking for inconsistencies, 
smoothing and re-sampling, and checking the internal and platoon consistency (Punzo et al., 2011). 

In Table 2 a review of the state-of-the-art calibration frameworks is made on the basis of the general 
definitions and principles stated before. Hence, the subdivision has been made according to model state 
computation (i.e., single-step model evaluation vs simulation-based model evaluation), to drivers’ behaviour 
variability (intra-driver vs. inter-driver variability), that is the calibration based on the variability or on the 
invariance of model parameters over time, and estimation methods (LSE, MLE, Bayesian approaches). 

 
 LSE MLE 

Bayesian estimation 
approaches 

 

 

SINGLE-STEP 
MODEL 

EVALUATION 

 

 

Intra-driver 
variability 

- - - 

 

Inter-driver 
variability 

Hoogendoorn and 
Hoogendoorn (2010); 
Hoogendoorn et al. 

(2010); Kim et al. 
(2013); Rhoades et al. 
(2016); Xu and Laval 

(2020); 

Ahmed (1999);  
Hoogendoorn et al. 

(2006); Hoogendoorn 
and Hoogendoorn 
(2010); Treiber and 

Kesting (2013a); 
Hoogendoorn et al. 

(2010); Kim et al. 
(2013); Rhoades et al. 
(2016); Xu and Laval 

(2020); 

Van Hinsbergen et al. 
(2009); Rahman 

(2013); Rahman et al. 
(2015); 

SIMULATION-
BASED MODEL 
EVALUATION 

Intra-driver 
variability 

Kesting & Treiber 
(2008); 

- - 

Inter-driver 
variability 

Table 3; Table 4; 
Ossen & 

Hoogendoorn (2011); 
Punzo et al. (2021); 

Sharma et al. (2019); 

- - 

 

 

Table 2: Review of the recent model calibration studies. 
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4.2 Applications of “single-step model evaluation” approaches 

4.2.1 Least Square Error (LSE) applications 

Hoogendoorn and Hoogendoorn (2010), Hoogendoorn et al. (2010), Kim et al. (2013), Rhoades et al. (2016), 
and Xu and Laval (2020) applied the MLE method. Under the assumption of i.i.d. Gaussian errors (that is no 
serial correlation), the method is equivalent to the LSE approach. The way MLE degenerates into LSE is 
extensively described in the paragraph below (Eq. 25 and Eq. 26). 

4.2.2 Maximum Likelihood applications 

A differentiation has been established between continuous acceleration and discrete speed longitudinal 
models, each with its own specific formulation of the likelihood function. 

Acceleration continuous longitudinal models 

Ahmed (1999) defined acceleration continuous model as follows, making a distinction between car-following 
and free-flow regimes: 

• Car following model formulation. 

 𝑎𝑛
𝑐𝑓(𝑡) = 𝑠[𝑋𝑛

𝑐𝑓
(𝑡 − 𝛏𝝉𝒏)] ∙ 𝑓[∆𝑉𝑛(𝑡 − 𝝉𝒏)] + 𝜖𝑛

𝑐𝑓
(𝑡) (11) 

where 𝑋𝑛
𝑐𝑓

(𝑡 − ξ𝜏𝑛) vector of explanatory variables affecting the car-following acceleration 

sensitivity observed at time (𝑡 − ξ𝜏𝑛); ξ ∈ [0,1] is a parameter for sensitivity lag; 𝑠[𝑋𝑛
𝑐𝑓

(𝑡 − ξ𝜏𝑛)] is 

the sensitivity term as a function of 𝑋𝑛
𝑐𝑓

(𝑡 − ξ𝜏𝑛); 𝑉𝑛
𝑓𝑟𝑜𝑛𝑡(𝑡 − 𝜏𝑛) is the leader vehicle speed at time 

(𝑡 − 𝜏𝑛); 𝑉𝑛(𝑡 − 𝜏𝑛)is the current vehicle speed at time (𝑡 − 𝜏𝑛); ∆𝑉𝑛(𝑡 − 𝜏𝑛) = (𝑉𝑛
𝑓𝑟𝑜𝑛𝑡(𝑡 − 𝜏𝑛) −

𝑉𝑛(𝑡 − 𝜏𝑛)); 𝑓[∆𝑉𝑛(𝑡 − 𝜏𝑛)] is the stimulus term as a function of relative speed ∆𝑉𝑛(𝑡 − 𝜏𝑛); 𝜖𝑛
𝑐𝑓,𝑔

(𝑡) 

is the random term associated with the car-following acceleration of driver 𝑛 at time 𝑡, assumed as 

normally distributed with mean 0 and variance 𝜎
𝜖𝑐𝑓,𝑔(𝑡)
2 , 𝜖𝑛

𝑐𝑓,𝑔
(𝑡)~𝑁(0, 𝜎

𝜖𝑐𝑓,𝑔(𝑡)
2 ). 

• Free Flow Regime model formulation. 

 𝑎𝑛
𝑓𝑓(𝑡) = λ𝑓𝑓[𝑉𝑛

∗(𝑡 − 𝜏𝑛) − 𝑉𝑛(𝑡 − 𝜏𝑛)] + 𝜖𝑛
𝑓𝑓

(𝑡) (12) 

where λ𝑓𝑓is the constant sensitivity; 𝑉𝑛
∗(𝑡 − 𝜏𝑛) is the desired speed of the driver; [𝑉𝑛

∗(𝑡 − 𝜏𝑛) −

𝑉𝑛(𝑡 − 𝜏𝑛)] is the stimulus term; 𝜖𝑛
𝑓𝑓

(𝑡) is the random term associated with the free-flow acceleration 

of driver 𝑛 at time 𝑡, assumed as normally distributed with mean 0 and variance 𝜎
𝜖𝑓𝑓(𝑡)
2 , 

𝜖𝑛
𝑓𝑓

(𝑡)~𝑁(0, 𝜎
𝜖𝑓𝑓(𝑡)
2 ).  

A driver is assumed to be in the car-following regime if the headway is less than a threshold, and in the-free-
flow regime otherwise. Mathematically, the acceleration continuous model can be expressed as: 

 
𝑎𝑛(𝑡) = {

𝑎𝑛
𝑐𝑓(𝑡)    𝑖𝑓 ℎ𝑛(𝑡 − 𝜏𝑛) ≤ ℎ𝑛

∗

𝑎𝑛
𝑓𝑓(𝑡)                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 
(13) 

where 𝑡 is the time of observation; 𝜏𝑛 is the reaction time of driver 𝑛; 𝑎𝑛(𝑡) is the acceleration at time 𝑡; 

𝑎𝑛
𝑐𝑓(𝑡) is the car-following acceleration at time 𝑡; ℎ𝑛(𝑡 − 𝜏𝑛) is the time headway at time 𝑡; ℎ𝑛

∗  is the 
unobserved headway threshold for driver 𝑛. 
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In this regard, the headway threshold ℎ𝑛
∗  is assumed to be truncated normally distributed with truncation on 

both sides, while the reaction time 𝜏𝑛 is assumed to be truncated log-normally distributed.  

Therefore, the normal density distribution of acceleration driver 𝑛 at time 𝑡, conditional on ℎ𝑛
∗  and 𝜏𝑛, is 

depicted as follows:  

 𝑓(𝑎𝑛(𝑡) |ℎ𝑛
∗ , 𝜏𝑛) = 𝑓(𝑎𝑛

𝑐𝑓(𝑡) |𝜏𝑛)𝛿[ℎ𝑛(𝑡−𝜏𝑛)] ∙ 𝑓(𝑎𝑛
𝑓𝑓(𝑡) |𝜏𝑛)1−𝛿[ℎ𝑛(𝑡−𝜏𝑛)] (14) 

where 𝛿[ℎ𝑛(𝑡 − 𝜏𝑛)] = {
1 𝑖𝑓 ℎ𝑛(𝑡 − 𝜏𝑛) ≤ ℎ𝑛

∗

 0                  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 ; 𝑓(𝑎𝑛

𝑐𝑓(𝑡) |𝜏𝑛) is the car-following acceleration density 

distribution, assumed as normal because of the nature of the random term 𝜖𝑛
𝑐𝑓

 mentioned above; 

𝑓(𝑎𝑛
𝑓𝑓(𝑡) |𝜏𝑛) is the car-following acceleration density distribution, assumed as normal because of the nature 

of the random term 𝜖𝑛
𝑓𝑓

 mentioned above. 

The headway threshold and the reaction time capture the correlation between different acceleration 
decisions at different times for a given driver. This implies that, conditional on these two variables, there is 
no serial correlation between different observations of a single driver. Therefore, the conditional joint density 

of observing an acceleration pattern associated with driver 𝑛, (𝑎𝑛(1), 𝑎𝑛(2), … , 𝑎𝑛(𝑇𝑛)), can be expressed 

as the product of the conditional densities of each element of the pattern. Mathematically, this can be 
expressed as follows: 

 𝑓(𝑎𝑛(1), 𝑎𝑛(2), … , 𝑎𝑛(𝑇𝑛)|ℎ𝑛
∗ , 𝜏𝑛) = ∏ 𝑓(𝑎𝑛(𝑡) |ℎ𝑛

∗ , 𝜏𝑛)
𝑇𝑛
𝑡=1   (15) 

The unconditional distribution that constitutes the likelihood function for driver 𝑛 is: 

 𝐿 = 𝑓(𝑎𝑛(1), 𝑎𝑛(2), … , 𝑎𝑛(𝑇𝑛)) =

∫ ∫ 𝑓(𝑎𝑛(1), 𝑎𝑛(2), … , 𝑎𝑛(𝑇𝑛)|ℎ𝑛
∗ , 𝜏)𝑓(ℎ∗)𝑓(𝜏)𝑑ℎ∗𝑑𝜏

ℎ𝑚𝑎𝑥
∗

ℎ𝑚𝑖𝑛
∗

𝜏𝑚𝑎𝑥

0
  

(16) 

Finally, assuming that the acceleration observations from different drivers in the sample are independent, 
the log-likelihood function, widely used to avoid an integral calculation, is as follows: 

 𝐿̃ = ∑ 𝑙𝑛[𝑓(𝑎𝑛(1), 𝑎𝑛(2), … , 𝑎𝑛(𝑇𝑛))]𝑁
𝑛=1   (17) 

Executing random samples from 𝑓(𝑎𝑛
𝑐𝑓(𝑡) |𝜏𝑛) and 𝑓(𝑎𝑛

𝑓𝑓(𝑡) |𝜏𝑛), the log-likelihood function is obtained and 

maximized, providing the MLE estimate of the model parameters.  

It is worth noting that the likelihood function depicted in Eq.16 and Eq.17, as constructed, is consistent with 
the definition of single-step model evaluation, and implicitly presupposes its application. Moreover, the study 
is focussed on the inter-driver variability, since no temporal variability of a drivers’ behaviour is depicted (i.e. 
model parameters do not change over time). 

Speed discrete longitudinal models 

Hoogendoorn et al. (2006), as well as Hoogendoorn & Hoogendoorn (2010), defined discrete speed 
longitudinal models as follows: 

 𝑣𝑖(𝑡𝑘+1) = 𝑣𝑖(𝑡𝑘) + ℎ ∙ 𝑎𝑖(𝑡𝑘|𝜽) + 𝜖(𝑡𝑘) = 𝑣𝑖(𝑡𝑘) + ℎ ∙ 𝑎[𝒚𝒊(𝑡𝑘), 𝒚𝒊(𝑡𝑘 −
𝜏)|𝜽] + 𝜖(𝑡𝑘) = 𝑓[ℎ, 𝒚𝒊(𝑡𝑘), 𝒚𝒊(𝑡𝑘 − 𝜏)|𝜽] + 𝜖(𝑡𝑘)   

(18) 

where, 𝜽 denotes the set of parameters describing the Car-Following/Free Flow behaviour, such as the 
reaction time, the sensitivity, and so forth; ℎ > 0 denotes the time step used for discretization; 𝒚𝒊(𝑡𝑘) 
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denotes the state that is relevant for driver 𝑖 at time istant 𝑡𝑘, and includes all stimuli present in a specific 
model.  

Therefore, the following relation between the speed data and the predicted speed is assumed: 

 𝑣𝑖(𝑡𝑘+1)𝑜𝑏𝑠 = 𝑣𝑖(𝑡𝑘+1) + 𝜖(𝑡𝑘) = 𝑓[ℎ, 𝒚𝒊(𝑡𝑘), 𝒚𝒊(𝑡𝑘 − 𝜏)|𝜽] + 𝜖(𝑡𝑘)   (19) 

where 𝜖(𝑡𝑘) is the error term introduced to reflect errors in models. It is generally serially correlated. 

Assuming that, similarly to continuous acceleration models, 𝜖(𝑡𝑘) follows a normal distribution, 
𝜖(𝑡𝑘)~𝑁(0, 𝜎2),  the likelihood function can be determined as follows: 

 
𝐿(𝜽, 𝜎) = ∏

1

√2𝜋𝜎2
∙ 𝑒𝑥𝑝 (

{𝑣𝑖(𝑡𝑘+1)𝑜𝑏𝑠−𝑓[ℎ,𝒚𝒊(𝑡𝑘),𝒚𝒊(𝑡𝑘−𝜏)|𝜽]}
2

2𝜎2 )
𝑇𝑛
𝑘=1   

(20) 

The related log-likelihood function is depicted as follows: 

 𝐿̃(𝜽, 𝜎) = −
𝑇𝑛

2
ln(2𝜋𝜎2) −

1

2𝜎2
∑ {𝑣𝑖

𝑜𝑏𝑠(𝑡𝑘+1) −
𝑇𝑛
𝑘=1

𝑓[ℎ, 𝒚𝒊(𝑡𝑘), 𝒚𝒊(𝑡𝑘 − 𝜏)|𝜽]}
2

  

(21) 

Maximum-likelihood estimation involves finding the parameters that maximize the log likelihood. A 
necessary condition for the optimum allows determination of the standard deviation: 

 𝜕𝐿̃

𝜕𝜎
= 0 → 𝜎̂2 =

1

𝑇𝑛
∑ {𝑣𝑖

𝑜𝑏𝑠(𝑡𝑘+1) − 𝑓[ℎ, 𝒚𝒊(𝑡𝑘), 𝒚𝒊(𝑡𝑘 − 𝜏)|𝜽]}
2𝑇𝑛

𝑘=1    (22) 

That is, the maximum-likelihood estimate for the variance of the error is given by the mean standard error of 
the predictions and the observations. For the remaining parameters, the maximum-likelihood estimates can 
be determined by numerical optimization: 

 𝜽 = 𝑎𝑟𝑔𝑚𝑎𝑥 𝐿̃(𝜽)   (23) 

with,  

 𝐿̃(𝜽) = −
𝑇𝑛

2
ln (

2𝜋

𝑇𝑛
∑ {𝑣𝑖

𝑜𝑏𝑠(𝑡𝑘+1) − 𝑓[ℎ, 𝒚𝒊(𝑡𝑘), 𝒚𝒊(𝑡𝑘 − 𝜏)|𝜽]}
2𝑇𝑛

𝑘=1 )   (24) 

Eq. 24 shows that maximization of the log likelihood is equivalent to minimization of the prediction error 
(Mean Squared Error). Using the log likelihood is preferable because of its statistical properties and relevance 
for statistical analysis and cross-comparison. The framework adopted by the authors implicitly presupposes 
the definition of single-step model evaluation given in Section 2. Anyway, a focus on inter-driver 
heterogeneity has been made since model parameters remain unchanged over time. 

From the work illustrated above, Treiber & Kesting (2013a) assumed the absence of serial correlations, i.e. 

𝜖(𝑡𝑘)~𝑖. 𝑖. 𝑑.  𝑁(0, 𝜎2), and applied Vehicle Motion Equation 
𝑑𝑣

𝑑𝑡
= 𝑎𝑚𝑖𝑐(𝑠, 𝑣, 𝑣𝑙𝑒𝑎𝑑𝑒𝑟 , 𝜽). Therefore, with these 

conditions the Maximum Likelihood Estimation degenerates in the LSE method: 

 𝜽 = 𝑎𝑟𝑔𝑚𝑎𝑥 𝑆̃(𝜽)   (25) 

with,  

 
𝑆̃(𝜽) = ∑ {𝑣𝑖

𝑜𝑏𝑠̇ (𝑡𝑘+1) − 𝑎𝑚𝑖𝑐(𝜽) }
2𝑇𝑛

𝑘=1    
(26) 
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The authors made their study focusing on both inter-driver variability. 

4.2.3 Bayesian approaches 

Bayesian Estimate of the posterior distribution 

Rahman (2013), as well as Rahman et al. (2015), developed a Bayesian estimation framework to calculate the 
Bayesian Estimate (i.e. the mean) of the posterior distribution. Assuming that the prior 𝑃(𝜽) and the error 
terms in 𝑃(𝐷|𝜽) both follow the multivariate normally distribution, the Bayesian Estimate is given by the 
following definition: 

 𝐸(𝜽|𝐷) = ∫ 𝜽𝑃(𝜽)𝑑𝜽
𝑅𝑘

   (27) 

Since this integral is difficult to solve analytically, a numeric resolution is adopted to overpass the problem. 
Therefore, the Markov Chain Monte Carlo Method has been implemented to solve Eq. 27. 

Thus, probabilistic inference via Markov chains consists of constructing sequences of points (so-called 
'chains') in the parameter space, the density of which is proportional to the a-posteriori probability 
distribution of interest. The term Monte Carlo refers to the fact that random sampling (through the 
generation of sequences of random numbers) is used for the computation. After simulating many chain 
steps, the extracted values can be taken as a sample of the desired distribution. Various sampling approaches 
can be considered for Monte Carlo simulation, with the use of Sobol numbers and Latin Hypercube sampling 
previously been shown to be effective for traffic modelling applications (Calvert et al., 2014).  

There are many algorithms used to generate such large number of random samples. In this case, the authors 
implemented the Metropolis-Hastings Algorithm, from which a high number 𝑅 of random samples of the 
vector of model parameters 𝜽 was performed. Therefore, the Bayesian Estimate of the posterior distribution 
is approximated by its sample mean as follows: 

 𝐸(𝜽|𝐷) = ∫ 𝜽𝑃(𝜽)𝑑𝜽
𝑅𝑘

≅
1

𝑅
∑ 𝜽𝑖𝑅

𝑖=1    (28) 

where 𝜽𝑖  is a single random extraction performed by the algorithm (i.e. a single element of the Markov 
Chain). 

From an initial random sample 𝜽0 which can be based on prior information of model parameters or initial 
guess from an expert to minimize the computational time, given a current sample 𝜽𝑡, a new random sample 
𝜽𝑡+1 can be generated through the Metropolis-Hastings Algorithm as follows: 

1. It is generated 𝜽̃~𝑁(𝜽𝑡 , 𝚿), where 𝚿 is a covariance matrix. 

2. It is calculated the acceptance ratio, defined as: 

 
𝛼 = 𝑚𝑖𝑛 (1,

𝑃(𝜽|𝐷)

𝑃(𝜽𝑡|𝐷)
) = 𝑚𝑖𝑛 (1,

𝑃(𝐷|𝜽)∙𝑃(𝜽)

𝑐

𝑃(𝐷|𝜽𝑡)∙𝑃(𝜽𝑡)

𝑐

) = 𝑚𝑖𝑛 (1,
𝑃(𝐷|𝜽)∙𝑃(𝜽)

𝑃(𝐷|𝜽𝑡)∙𝑃(𝜽𝑡)
)  

(29) 

It is worth noting that the normalization factor, here denoted as 𝑐, cancels out. 

3. If 𝛼 ≥ 1, it is set 𝜽𝑡+1 = 𝜽̃. Else it is drawn 𝑢~𝑈([0,1]). If 𝑎 ≥ 𝑢, it is set 𝜽𝑡+1 = 𝜽̃ with probability 𝛼, 

else 𝜽̃ is rejected and it is set 𝜽𝑡+1 = 𝜽𝑡. 

4. The algorithm stops if 𝑁 samples are produced. Otherwise, it is set 𝑡 = 𝑡 + 1 and back to Step 1. 
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For the calculation on 𝑃(𝐷|𝜽) and  𝑃(𝐷|𝜽𝑡), Rahman (2013) and Rahman et al. (2015) used RMSE as GoF and 
acceleration as MoP. Using Helly’s model in the calibration framework, the acceleration at the current 
timestep is calculated using the coefficients of the regression model and the input variables known from the 
data: hence, a one-step (data based) model evaluation is here adopted. For all vehicles in the dataset, a 
unique set of model parameters 𝜽 was obtained, which suggests that the study focused on an inter-driver 
variability.  

Finding the Maximum of the posterior distribution 

Van Hinsbergen et al. (2009) defined the prior probability 𝑃(𝜽) as a multivariate Gaussian with mean 𝜽̅ and 
covariance matrix ∑ to simplify calculations and enable analytical expression for the posterior distribution of 
the model parameters: 

 
𝑃(𝜽) =

𝑒𝑥𝑝(−
1

2
(𝜽−𝜽̅)𝑇∑−1(𝜽−𝜽̅))

2𝜋𝑵/𝟐|∑|𝟏/𝟐   
(30) 

where 𝑁 equals the number of parameters of the model. 

It is also assumed that the noise of the data is Gaussian distributed as well with mean zero and standard 
deviation 𝜎𝑙. Therefore, the joint probability 𝑃(𝐷|𝜽) can been defined as: 

 

𝑃(𝐷|𝜽) =
𝑒𝑥𝑝(−

1

2𝜎𝑙
2 ∑ (𝑣𝑝𝑟𝑒𝑑(𝑡,𝜽)−𝑣𝑜𝑏𝑠(𝑡))

2𝑇𝑛
𝑡=1 )

(𝜎𝒍
𝟐2𝜋)

𝑡/2   

(31) 

where 𝑣𝑝𝑟𝑒𝑑(𝑘, 𝜽) is the predicted vehicle speed at time instant 𝑡 with the parameter set 𝜽, 𝑣𝑜𝑏𝑠(𝑡) is the 

observed (measured) vehicle speed at time instant 𝑡, and 𝑇𝑛 equals the number of observations of vehicle 
speed and position. 

Thus, through substitution the posterior probability is defined as: 

 
𝑃(𝜽|𝐷) =

𝟏

𝒁𝒑𝝈𝒍
𝒕|∑|𝟏/𝟐 ∙ 𝑒𝑥𝑝 (−

1

2𝜎𝑙
2 ∑ (𝑣𝑝𝑟𝑒𝑑(𝑡, 𝜽) − 𝑣𝑜𝑏𝑠(𝑡))

2𝑇𝑛
𝑡=1 ) ∙

𝑒𝑥𝑝 (−
1

2
(𝜽 − 𝜽̅)𝑇∑−1(𝜽 − 𝜽̅))  

(32) 

where 𝑍𝑝 is a constant that originates from 𝑃(𝐷) and the “2𝜋 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠” in Eq.30 and Eq.31. 

To describe the posterior distribution, the authors used the most probable parameter vector 𝜽𝑴𝑷 (the 
maximum of the posterior), and its covariance matrix Θ (the width of the posterior), with the knowledge that 
it has a log-normal multivariate shape. The maximum of the posterior distribution represents the value of the 
model parameters that maximises the posterior probability, i.e. the “peak value” of the multivariate curve. 
In other words, it is the value of the parameters that has the highest plausibility of being correct based on 
the observed data and the prior information. 

The maximum of the posterior 𝜽𝑴𝑷 can be found by maximizing the logarithm of Eq. 32: 

 𝜽𝑴𝑷 = argmax
𝜽

(ln(𝑃(𝜽|𝐷))) = argmax
𝜽

(−𝐸(𝜽)) = argmin
𝜽

(𝐸(𝜽)) (33) 

where  𝐸(𝜽) is defined as: 

 𝐸(𝜽) = 𝑇𝑛 ln(𝜎𝑙) + 𝐸𝑝(𝜽) + 𝐸𝑙(𝜽) (34) 

with  𝐸𝑙  and 𝐸𝑝 defined by: 
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𝐸𝑝(𝜽) = −

1

2
(𝜽 − 𝜽̅)𝑇∑−1(𝜽 − 𝜽̅) 

(35) 

 

𝐸𝑙(𝜽) =
1

2𝜎𝑙
2 ∑ (𝑣𝑝𝑟𝑒𝑑(𝑡, 𝜽) − 𝑣𝑜𝑏𝑠(𝑡))

2
𝑇𝑛

𝑡=1

 

 

(36) 

It is worth noting that in Eq. 34 the expressions resulting from 𝑍𝑝 and |∑|1/2 have been omitted, as these do 

not influence the solution of Eq. 33 and become zero for the derivatives that are defined next. 

For the maximization of Eq. 34, therefore, to find 𝜽𝑴𝑷, the following condition must be solved for the model 
under consideration: 

 ∇𝜽𝐸(𝜽) = ∑−1(𝜽 − 𝜽̅) + ∇𝜽𝐸𝑙(𝜽)            (37) 

The covariance matrix Θ of the posterior distribution (not to be confused with de covariance matrix ∑ of the 
prior) can be found using the Cramér-Rao lower bound: 

 
𝛩(𝜽𝑴𝑷) = − (𝑨(𝜽𝑴𝑷))

−1
 

          (38) 

where 𝑨(𝜽) is the Hessian, given by: 

 𝑨(𝜽) = ∇𝜽
𝟐𝐸(𝜽) = ∑−1 + ∇𝜽

𝟐𝐸𝑙(𝜽)           (39) 

Finally, for the description of the posterior a value for the standard deviation of 𝑃(𝐷|𝜽), 𝜎𝑙, needs to be 
found, for which the derivative 𝜕𝐸 𝜕𝜎𝑙⁄  is set to zero. This leads to: 

 

𝜎𝒍
𝟐 =

1

𝑇𝑛
∑ (𝑣𝑝𝑟𝑒𝑑(𝑡, 𝜽) − 𝑣𝑜𝑏𝑠(𝑡))

2
𝑇𝑛

𝑡=1

 

          (40) 

The posterior distribution describes the probability of the model parameters given a set of observed data 
and a priori information. By calculating the posterior distribution, a curve representing the probability of 
different parameter values is obtained. The maximum of this distribution is the point at which the probability 
is greatest. Therefore, the maximum of the a posteriori distribution is considered a more reliable measure 
than other estimation measures, such as the Bayesian Evidence and its covariance matrix.  

The authors explicitly stated that “to remain focused, in the study the emphasis is on the inter-driver 
differences and on choosing the appropriate model for the appropriate driver; the intra-driver differences 
will not be considered. However, the approach that is presented in this paper does enable a modeler to deal 
with these intra-driver differences” (Van Hinsbergen et al., 2009). 

Moreover, from the previous equation it is evident that data are used for the prediction of the next state, 
therefore, a data-based prediction is performed also in this context. 

Moreover, the maximum posterior distribution is used to calculate the Bayesian evidence, through which a 
comparison between different longitudinal models on their ability to describe driver heterogeneity is made. 
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4.3 Applications of “simulation-based prediction” approaches 

4.3.1 Least Square Error (LSE) applications 

Several authors depict different framework to minimize 𝑓(𝑀𝑜𝑃𝑜𝑏𝑠, 𝑀𝑜𝑃𝑠𝑖𝑚). Punzo et al. (2021), as well as 
Sharma et al. (2019), made a comprehensive literature review about 𝐺𝑜𝐹𝑠, 𝑀𝑜𝑃s and optimization algorithms 
adopted for LSE method (Table 3 and Table 4)1. 

𝑮𝒐𝑭(𝑴𝒐𝑷) 

LITERATURE REVIEW 

2005 – 2011 2012 – 2015 2016 – 2020 

𝑹𝑴𝑺𝑬(𝒔) Punzo and Simonelli (2005) Punzo et al. (2012) 

Punzo and Montanino (2016), Yu et 
al. (2016), Zhou et al. (2017), Hammit 
et al. (2018), Wang et al. (2018), Yu et 
al. (2018), Park et al. (2020), 
Montanino and Punzo (2021), 
Montanino et al. (2021). 

𝑹𝑴𝑺𝑬(𝒗) 
Punzo and Simonelli (2005), 
Chong et al. (2011), 

Punzo et al. (2012), Rahman 
et al. (2015), Montanino et al. 
(2012), Higgs and Abbas 
(2015), van Hinsbergen et al. 
(2015), Vieira da Rocha et al. 
(2015) 

Li et al. (2016), Punzo and Montanino 
(2016), Huang et al. (2018), Ngoduy 
et al. (2019), Ye et al. (2019), Gunter 
et al. (2020), Li et al. (2020), Zhao 
and Zhang (2020)  

𝑹𝑴𝑺𝑬(𝒂)   
Hao et al. (2016), Pei et al. (2016), Li 
et al. (2018), James et al. (2019), Xu 
et al. (2020)  

𝑹𝑴𝑺𝑬(𝝈𝒗)   Huang et al. (2018), Tian et al. (2019) 

𝑹𝑴𝑺𝑷𝑬(𝒔) 
Kesting and Treiber (2008), 
Wang et al. (2011) 

Yu and Shi (2014), 
Saifuzzaman et al. (2015)  

Saifuzzaman et al. (2017), Wang et al. 
(2017), Zhu et al. (2018b), Sharma et 
al. (2019a, 2019b), Kurtc and Treiber 
(2020)  

𝑹𝑴𝑺𝑷𝑬(𝒗)   Papathanasopoulou et al. (2016) 

𝑹𝑴𝑺𝑷𝑬(𝒂)  Chong et al. (2013)  

𝑹𝑴𝑺𝑷𝑬(𝝈𝒗)   Tian et al. (2016) 

𝑼(𝒔) 
Ossen and Hoogendoorn 
(2008) 

Punzo et al. (2012), Jin et al. 
(2014) 

Cattin et al. (2019) 

𝑼(𝒗) 
Ossen and Hoogendoorn 
(2008) 

Punzo et al. (2012), Jin et al. 
(2014) 

Yang et al. (2016), Cattin et al. (2019)  

𝑼(𝒂)  Jin et al. (2014)  

 
1 The references contained in Table3 and Table4 can be found in Punzo et al. (2021), as well as in Sharma et al. (2019). 
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𝑼(𝒔, 𝒗) 

Ossen and Hoogendoorn 
(2009) with 𝛼 = 𝛽, Kim, and 
Mahmassani (2011) with 𝛼 =
𝛽 

Sangster et al. (2013) with 
𝛼 = 𝛽 

Zhong et al. (2016) with 𝛼 = 𝛽, 
Mamouei et al. (2016) with 𝛼 = 𝛽, 
Wang et al. (2019) with 𝛼 = 𝛽, Zhang 
et al. (2019) with 𝛼 = 1, 𝛽 = 0.5, 
Chen et al. (2020) with 𝛼 = 1, 𝛽 =
0.5 

𝑴𝑨𝑬(𝒔)  
Punzo et al. (2012), Jin et al. 
(2014) 

He et al. (2016) 

𝑴𝑨𝑬(𝒗)  
Punzo et al. (2012), Milanés 
and Shladover (2014), Jin et 
al. (2014) 

 

𝑴𝑨𝑬(𝒂)  Jin et al. (2014) Peng et al. (2020) 

𝑴𝑨𝑷𝑬(𝒔)   Zheng et al. (2016) 

𝑴𝑨𝑷𝑬(𝒂)  Chong et al. (2013)  

𝑹𝑴𝑺𝑷𝑬̃ (𝒔) Kesting and Treiber (2008) Monteil et al. (2014) 
Kurtc and Treiber (2020), Hamdar et 
al. (2020) 

𝑹𝑴𝑺𝑷𝑬̃ (𝒗)  Hamdar et al. (2015) Schorr et al. (2017) 

𝑵𝑹𝑴𝑺𝑬(𝒔) Kesting and Treiber (2008)  
Zhu et al. (2018a, 2018b, 2020), Kurtc 
and Treiber (2020),  

𝑵𝑹𝑴𝑺𝑬(𝒗)  
Papathanasopoulou and 
Antoniou (2015) 

 

 

STUDY DATA 𝑴𝒐𝑷 𝑮𝒐𝑭 OA CF MODELS KEY FINDINGS 

Brockfield et al. 
(2004) 

Real 
Time headway 

𝑇 
Absolute error 

Gradient free 
optimization 

(simplex 
method) 

Ten CF models 
(e.g. Newell’s 

model, 
Intelligent 

Driver Model, 
Gipps’ model) 

A) No significant 
difference exists 
among the 
performances of 
CF models. 
 

B) Based on the 
validation errors, 
the authors 
raised the issue 
of overfitting. 

Ranjitkar et al. 
(2004) 

Real 
Speed 𝑉 and 

Spacing s 
Percentile error 

Genetic 
algorithm 

Six CF models 
(e.g. Newell’s 

model, Optimal 
Velocity Model, 
Gipps’ model) 

A) Calibration is 
affected 
prominently by 
inter-driver 
heterogeneity 
rather than 
driving 
conditions. 
 

Table 3: State of the art about objective functions in car-following model calibration (Punzo et al., 2021). 
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B) Inter-model 
variation is less 
significant as 
compared to the 
interpersonal 
variation. 

 

Punzo and Simonelli 
(2005) 

Real 
Time headway 
𝑇, Speed 𝑉 and 

Spacing s 

Root Mean Square 
Error, Root Mean 

Square Percentage 
Error, Thiel’s 𝑈 

Multipoint 
nonlinear 

optimisation 
algorithm 

Four CF 
models: Gipps’ 

model, 
Newell’s 
model, 

Intelligent 
Driver Model, 
MITSIM model 

A) 𝑠 performed 
better as 𝑀𝑜𝑃. 
 

B) Average 
performance of 
the simplest 
model (i.e. 
Newell’s model) 
is better than its 
complex 
counterparts 
(e.g. MITSIM). 

 
C) Inter-driver and 

Intra-driver 
heterogeneity 
exists. 

 
D) For reliable 

calibration, long 
period of 
trajectory data 
should be 
preferred (i.e. 
data with 
different traffic 
scenarios). 

 

Ossen and 
Hoogendoorn 

(2008) 

Synthetic 
Speed 𝑉 and 

Spacing s 
Thiel’s 𝑈 

Constrained 
nonlinear 

optimisation 
(based on 
Simplex 
method) 

Two CF 
models: Gipps’ 

model, 
Tampère 

model 

A) Measurement 
errors, choice of 
𝑀𝑜𝑃 and type of 
data directly 
affects 
calibration 
results.  
 

B) 𝑠 is preferred as 
𝑀𝑜𝑃. 

 

Ciuffo et al. (2008) 
 

Synthetic 

A combination 
of Speed 𝑉 and 
Traffic Counts 
𝑇𝐶, and Speed 

𝑉 

Root Mean Square 
Error, Root Mean 

Square Percentage 
Error, GEH statistics 

OptQuest-
Multistart 
algorithm 
(OQMS) 

One CF model: 
Gipps’ model 

A) OQMS is capable 
of finding a 
solution not far 
from the global 
minimum. 

 

Kesting and Treiber 
(2008) 

Real Spacing 𝑠 Relative Error 
Genetic 

algorithm 

Two CF 
models: 

Intelligent 
Driver Model 
and Velocity 
Difference 

Model 

A) Three primary 
reasons 
contributing 
towards 
calibration errors 
are: inter-driver 
heterogeneity, 
intra-driver 
heterogeneity, 
and driver 
anticipation. 

 

Papathanasopoulou 
et al. (2016) 

Real Speed 𝑉 

Root Mean square 
normalized error, 

Root Mean Square 
Percentage Error, 
Mean Prediction 

Improved 
stochastic 

ranking 
evolution 

One CF model 
Gipps’ Model 

A) The dynamic (or 
online) 
calibration 
performance is 
superior to the 
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Error, Theil’s 𝑈,𝑈𝑚, 
𝑈𝑠 

strategy 
(ISRES) 

static calibration 
performance. 

 

Ciuffo and Punzo 
(2010) 

Synthetic 
Speed 𝑉 and 

Traffic Counts 
𝑇𝐶 

Fifteen 𝐺𝑜𝐹𝑠 (e.g. 
Mean Error, Mean 
Normalized Error, 

Mean Absolute 
Error, Root Mean 

Square Error, Root 
Mean Squared 

Normalized Error) 

 
One CF model: 
Gipps’ model 

A) The proposed 
calibration 
methodology 
allows 
controlling the 
calibration 
process and 
assisting in 
identifying the 
effect of choices 
of 𝑀𝑜𝑃, 𝐺𝑜𝐹 and 
𝑂𝐴 on the 
calibration 
process. 
 

B) The results 
confirm the 
importance of 
finalising a 
calibration 
setting before 
performing the 
calibration. 

 

Punzo et al. (2012) Synthetic 
Speed 𝑉 and 

Spacing s 

Root Mean Square 
Error, Mean 

Absolute Error, 
Thiel’s 𝑈, GEH 

Statistic 

Downhill 
simplex, 
Genetic 

algorithm, 
OptQuest-
Multistart 
algorithm 
(OQMS) 

One CF model: 
Gipps’ model 

A) Downhill simplex 
method depends 
highly on the 
starting 
condition. 

 
B) Both Genetic 

Algorithm and 
OptQuest-
Multistart 
performed 
better than 
Downhill 
simplex. 

 
C) The use of mixed 

𝐺𝑜𝐹 which 
combines both 
the 𝑀𝑜𝑃 (𝑠 and 
𝑉) performed 
poorly. 

 

Montanino et al. 
(2012) 

Real Speed 𝑉 
Root Mean Square 
Error, Integrated 

Mean Square Error 

OptQuest-
Multistart 
algorithm 
(OQMS) 

One CF model: 
Intelligent 

Driver Model 

A) The commonly 
used 𝐺𝑜𝐹 are 
unable to 
capture the real-
world dynamics. 

 

Monteil et al. (2014) 
Real and 
Synthetic 

Speed 𝑉 Chi-square 
Genetic 

algorithm 

Three CF 
models: 

Intelligent 
Driver Model, 

Optimal 
velocity with 

relative 
velocity, 

Improved 
optimal 

velocity model 

A) Calibration 
results depend 
upon the type of 
leader, i.e. 
aggressive or 
timid. 
 

B) The CF model 
parameters are 
correlated. 

 

Montanino and 
Punzo (2015) 

Real 
Speed 𝑉 and 

Spacing s 
Root Mean Square 

Error 
OptQuest-
Multistart 

One CF model: 
Intelligent 

Driver Model 

A) Calibration 
performance of 
the reduced 



 Critical review of state-of-the-art techniques to model drivers’ heterogeneity | 30.06.2023 

  Page | 30  

algorithm 
(OQMS) 

model (after 
excluding the 
non-influential 
parameters) was 
comparable to 
the full model 
(all the 
parameters 
included). 
 

B) For robust 
calibration, long 
trajectories (all 
the driving 
regimes) should 
be utilized. 

 

Punzo and 
Montanino (2016) 

Real 
Speed 𝑉 and 

Spacing s 
Root Mean Square 

Error 
N.A. 

One CF model: 
Intelligent 

Driver Model 

A) Cumulative 
variables (e.g. 𝑠) 
is preferred in 
calibration and 
validation. 

 

In this regard, some general assumptions and implications can be made: 

• Models. The method can be applied for deterministic models. 

• Optimisation algorithms. Punzo et al. (2012) stated that Genetic Algorithm and OptQuest/Multistart 
Algorithm (LindoAPI) have the best performance among all those used in Longitudinal Models 
calibration. 

• Measure of Performance (MoP). Punzo and Montanino (2016) stated that the cumulative sum of a 
variable must be preferred to the variable itself as a Measure of Performance (i.e. gap spacing instead 
of speed or acceleration), as a cumulative variable keeps memory of model residuals dynamics, 
returning a more meaningful information on the capability of a dynamic model to reproduce the 
temporal evolution of a phenomenon than the variable itself. 

• Goodness of Fit function (GoF). Punzo et al. (2021) depicted the following guidelines: 
o When a single MoP is applied: 

▪ Regardless of the GoF, the model and the dataset, spacing is preferable as MoP. 
▪ Focussing on spacing, regardless of the model and dataset, GoFs which are not based 

on percentage errors i.e. RMSE(s), Theil’s U(s) and MAE(s) are always more preferable 
than percentage based GoFs i.e. RMSPE and MAPE (although some exceptions have 
been found). 

o When multiple MoPs are applied: 
▪ NRMSE(s,v,a) and Theil’s U(s,v,a) are the two most preferable Pareto-efficient 

objective functions in the vast majority of the calibration scenarios: NRMSE is the most 
robust between the two. 

▪ Percentage-based objective functions, i.e. RMSPE and MAPE are less preferable than 
non-percentage-based ones, i.e. NRMSE and two MoPs, i.e. s, v, or three MoPs, i.e. s, v, 
a. In addition, in many calibration experiments, percentage-based objective functions 
did not return Pareto-efficient solutions (in general, percentage-based objective 
functions are not recommended, since they require thresholds on speed and 
acceleration, and overweigh lower value measurements in calibration). 

  

Table 4: Review of the recent CF model calibration studies on different calibration elements (Sharma et al. 2019). 
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5 Lane changing calibration applications 

Lane changing is a fundamental manoeuvre performed by drivers when they need to transition from one lane 
to another on a road or highway. It involves moving the vehicle safely and efficiently from its current lane 
into an adjacent lane (target lane), while considering the surrounding traffic and following the rules of the 
road. 

Lane-changing models are mathematical representations that aim to capture and understand the behaviour 
of drivers when they change lanes on a roadway. Lane-changing is a crucial aspect of traffic flow and has 
significant implications for safety, traffic efficiency, and transportation planning. The lane change manoeuvre 
can generate stop-and-go phenomena and traffic instability (Laval & Daganzo, 2006); in particular, the 
relaxation process of the phenomena is studied in the literature (Duret et al., 2011; Zheng et al., 2013).  

The study of these dynamics combined with that of car-following models provides a comprehensive overview 
of the interaction between two or more vehicles in traffic. 

A driver exhibits two different types of lane-changing behaviour:  

• Mandatory Lane Changing behaviour: refers to lane changes that are necessary or required due to 

external factors or road conditions. These lane changes are typically governed by traffic regulations 

or specific roadway features. Some examples of situations that may require mandatory lane 

changing include: 

o Approaching an exit or an intersection: Drivers are often required to change lanes to exit 

the roadway or to make a turn at an upcoming intersection. 

o Lane closures or obstructions: When a lane is closed or there is an obstruction on the 

roadway, drivers are obligated to change lanes to maintain the flow of traffic. 

o Merge areas: In areas where lanes merge or diverge, drivers are required to change lanes to 

comply with the designated merging pattern. 

• Discretionary Lane Changing behaviour: refers to lane changes that are driven by the individual 

choices and preferences of drivers. These lane changes are not mandatory but are based on drivers' 

judgment, convenience, or personal factors. Some examples of situations that may involve 

discretionary lane changing include: 

o Seeking a preferred lane position: Drivers may choose to change lanes to occupy a lane that 

they perceive as faster, smoother, or more suitable for their intended driving behaviour. 

o Overtaking slower vehicles: When encountering slower vehicles in their current lane, drivers 

may decide to change lanes to pass them and continue at a higher speed. 

o Adjusting to traffic flow: Drivers may opt to change lanes to adapt to changing traffic 

conditions, such as avoiding congestion, anticipating upcoming lane closures, or optimizing 

their travel time. 

Lane-changing models can be broadly categorised into two types: deterministic and probabilistic models. 
These models differ in their approach to capturing and representing the lane-changing behaviour of drivers. 

• Deterministic Lane-Changing Models: are based on predefined rules or deterministic algorithms that 
govern the lane-changing behaviour of drivers. These models assume that drivers follow specific 
decision rules when deciding to change lanes. The rules may be based on factors such as the relative 
speed and distance to neighbouring vehicles, desired lane position, or traffic conditions, an example 
of this lane-changing models is the Gipps model (Gipps, 1986). 

• Probabilistic Lane-Changing Models: also known as discrete choice models, use probabilistic 
frameworks to model the lane-changing process of drivers (Ahmed, 1999; Choudhury et al., 2006; 
Knoop & Buisson, 2015; Q. Li et al., 2021; Toledo et al., 2009). In general, these models are based on 
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discrete choice theory, which assumes that drivers evaluate different alternatives and select the 
option that maximises their perceived utility. Another type of probabilistic model is based on game 
theory, in which the drivers' strategy is modelled as a game. They can provide a more realistic 
representation of driver behaviour, considering for the heterogeneity and variability among drivers 
(Arbis & Dixit, 2019; Kita, 1999; Liu et al., 2007; Talebpour et al., 2015). 

We can succinctly classify the lane-changing models in this way: 

 DETERMINISTIC STOCHASTIC 

RULED BASED MODELS Gipps (1986) Yang & Koutsopoulos (1996) 

 

DISCRETE CHOICHE BASED 
MODELS 

- Ahmed (1999); Choudhury et al., 
(2006); Knoop & Buisson (2015); Li et 

al. (2021); Toledo et al. (2009); 

GAME THEORY BASED MODELS - Arbis & Dixit (2019); Kita (1999); Liu et 
al. (2007); Talebpour et al. (2015) 

INCENTIVE BASED MODELS 
Kesting et al. (2007); Schakel et al. 

(2012); 
 

Table 5: Classification of lane-changing models. 

The calibration of lane-changing models involves the process of estimating the model parameters by 
comparing the model's predicted behaviour to observed data. The goal is to find the parameter values that 
best represent the real-world lane-changing behaviour and produce accurate predictions. We can distinguish: 

• MLE 

• LSE 

• RMSE 

• Method of simulated moments (MSM) 

MLE LSE RMSE MSM 

Ahmed (1999); Ali et al. (2021); 
Arbis & Dixit (2019); Choudhury 
et al. (2006); Kita (1999); Knoop 
& Buisson (2015); Li et al. (2021); 
Toledo et al. (2009); B. Wang et 

al. (2022); 

Liu et al. (2007) 
Montanino & Punzo, 
(2015); Schakel et al. 

(2012); 
Talebpour et al. (2015) 

Table 6: Calibration based on different calibration approaches. 

MLE is a widely used approach for parameter estimation in lane-changing models; the preference toward 
MLE is due to the probabilistic nature of the main lane changing models. 

Regarding the type of data useful for calibration, they can come from various sources, including: 

• Field observations: Data collected from field studies or traffic monitoring systems that track vehicle 

movements and lane-changing behaviours. This can include video recordings, vehicle trajectory 

data, or manually recorded observations of lane changes. 

• Instrumented vehicles: Data obtained from vehicles equipped with sensors and data loggers that 

record vehicle dynamics and lane-change events. This can provide detailed information on 

acceleration, speed, position, and driver behaviour during lane changes. 
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• Simulated data: Data generated from traffic simulation models that incorporate lane-changing 

behaviour. Simulated data can be used to calibrate the lane-changing model by comparing the 

simulated lane-changing patterns to synthetic data. 

The paper shown in Table 7 use data from field observation: 

• M42 Birmingham (UK) (Knoop & Buisson, 2015). 

• I-880 Hayward, California (Q. Yang & Koutsopoulos, 1996). 

• I-395 Southbound in Arlington VA (Toledo et al., 2009). 

• Interstatale 93, Central Artery, Boston (Ahmed, 1999). 

• NGSIM (Talebpour et al., 2015). 

It is worth noting that the choice of parameter estimation method depends on the specific lane changing 
model, available data, and the level of accuracy desired. In some cases, a combination of methods may be 
employed to refine and validate the estimated parameters. For example, Ioannou and Stefanovic (2005) 
performed a sensitivity analysis on the lane change effects in the ACC and HV mixed traffic conditions.  Li and 
Zhang (2022) apply a soft set to quantify the impact of ambiguous factors like weather conditions, driver 
personality, and vehicle type on the driver's lane changing behaviour.  
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6 Neural Network applications 

Neural Networks are some of the most commonly used tools in the field of Artificial Intelligence. A Neural 
Network is a computational model that, by simulating the working mechanisms of the human brain, attempts 
to interpret physical phenomena occurring in the real world and consequently predict their evolution. These 
mathematical models are generally composed of a succession of Layers. Each Layer is composed by a series 
of processing units known as Nodes or Neurons. The Nodes of the distinct Layers are connected to each other 
through branches called Synapses. Thus, an artificial neural network receives signals on the Input Layer, 
formed by a layer of Nodes, each of which is connected with a certain number of Nodes belonging to certain 
internal or hidden Layers. Each Neuron processes the information received and transmits the result to those 
of the subsequent layers.  

As graphically depicted in Figure 3, the minimum structure of a Neural Network consists of three layers of the 
following type: 

• Input Layer. The vector of input data (known by the input dataset) 𝒙 is processed and adapted to the 
requests and characteristics of the neurons. 

• Hidden Layer. It is responsible for the current processing, and it can also be composed of several 
columns of neurons. 

• Output Layer. It is responsible for collecting the vector of predicted results ypred   of the neural 
network. 

 

Figure 3: Analytical structure of a neural network 
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Increasingly predominant in computer and statistical applications, Neural Networks are used in contexts 
where there is high accessibility and availability of data. With them, it is not necessary to adopt a deductive 
approach that follows basic principles, as is the case with classical static and dynamic modelling which 
addresses the issue of encoding drivers’ heterogeneity. On the contrary, that of neural networks is a black-
box inductive approach which, not dealing with the physics of the problem, takes the set of incoming 
information and uses it to make the necessary predictions based on the specific task at hand. Therefore, their 
peculiarity (and to some extent perplexity) lies precisely in the fact that it is not necessary to fully understand 
a real phenomenon and all the mechanisms that govern it: this makes them at the same time devoid of any 
possibility of physical control of the problem, but useful in contexts in which the complexity or difficulty of 
processing observations makes the design of a conventional model impracticable. 

Therefore, the calibration problem degenerates in this case lies in the training of the neural network, which 
is a crucial process that allows the network to learn from data and improve its performance. It involves 
several steps. Initially, a large training dataset is gathered, which contains examples of the data to be learned 
by the neural network. The next step is data preparation, which may include tasks such as data normalisation, 
noise reduction, or outlier removal to ensure the dataset is consistent and suitable for training the neural 
network Following that, the architecture of the neural network is defined, including the number of layers and 
neurons in each layer. The specific architecture depends on the problem at hand and can vary significantly. 
After defining the architecture, the weights of the neural network are initialised. These weights represent 
the network's hyperparameters, which will be adjusted during training to improve performance. Initialisation 
can be done randomly or using specialised methods. Once the neural network is initialised, the actual training 
phase begins. Typically, training involves the backpropagation algorithm, where the network is presented 
with training data, produces predictions, and compares them to the correct labels. An error value is 
calculated based on this comparison. The error is then propagated backward through the neural network, 
allowing the weights to be adjusted accordingly. This process is repeated for multiple cycles or epochs until 
the neural network achieves satisfactory performance. During training, it is important to monitor the 
network's performance using a separate validation dataset. This helps evaluate the network's effectiveness 
and prevents overfitting, where the network becomes too specialised in the training data and fails to 
generalise well to new data. Finally, once the neural network has completed training, it can be used to make 
predictions on new data by applying the knowledge it has acquired. 

6.1 Applications of AI to traditional car-following 

Several authors depicted different frameworks using a specific typology of Neural Network, whose structure 
is based on Figure 3. Table 7 presents a comprehensive overview of the various Neural Network typologies 
used in the literature, along with the variables they predict and the corresponding loss functions (𝐺𝑜𝐹) for 
evaluating their performance. LSTM neural networks, as discussed by Huang et al., (2018) and Morton et al., 
(2017), are employed to predict the speed 𝑣(𝑡) and the acceleration 𝑎(𝑡) at time 𝑡. The mean squared error 
(𝑀𝑆𝐸) loss function is utilised to assess the accuracy of predictions for 𝑣(𝑡) and for the inter-vehicle spacing  
𝑠(𝑡). Additionally, the root weighted squared error (𝑅𝑊𝑆𝐸) loss function is applied to evaluate the 
performance of predicting the vehicle position 𝑥(𝑡) as well as the density 𝑘. Reinforcement learning 
approaches, as explored by Chong et al. (2013) and Zhu et al. (2018), involve predicting 𝑎(𝑡) and yaw angle 
𝑦𝑤𝑎(𝑡) variables. Zhu et al. (2018) further extend the approach by employing an "Actor" Neural Network to 
predict 𝑎(𝑡) and a "Critic" Neural Network to predict a scalar value 𝑄(𝑠𝑡𝑎𝑡𝑒(𝑡), 𝑎(𝑡)). The authors 
implemented as loss function the root mean square percentage error (𝑅𝑀𝑆𝑃𝐸) for both 𝑠(𝑡) and 𝑣(𝑡), as 
well as the reward function 𝑟(𝑠, 𝑎). Chong et al. (2013) used as loss function a reward function 𝑟(𝑠, 𝑦). 
Feedforward neural networks, studied by Zheng et al. (2013), are employed to predict 𝑎(𝑡 + ∆𝑡), utilizing the 
mean squared error (𝑀𝑆𝐸) loss function to quantify the accuracy of the predictions. 

Recurrent neural networks, as investigated by Zhou et al. (2017), Wang et al. (2018), and Wu et al. (2019), are 
utilised to predict 𝑠(𝑡), 𝑣(𝑡), 𝑎(𝑡), 𝑎(𝑡 + ∆𝑡), and 𝑣(𝑡 + ∆𝑡), respectively. The mean squared error (𝑀𝑆𝐸) and 
mean absolute error (𝑀𝐴𝐸) loss functions are used to evaluate the accuracy of the predictions. Physics-
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informed neural networks, discussed by Mo et al. (2021), are employed to predict 𝑎(𝑡 + ∆𝑡), using the mean 
squared error (𝑀𝑆𝐸) loss function to measure the accuracy of the predictions. Finally, artificial neural 
networks, studied by Khodayari et al., (2012), are utilised to predict 𝑎(𝑡) and employ various loss functions 
such as mean absolute percentage error (𝑀𝐴𝑃𝐸), root mean squared error (𝑅𝑀𝑆𝐸), and standard deviation 
error (𝑆𝐷𝐸) to assess the accuracy of the predictions. 

 

NEURAL NETWORK 
TYPOLOGY 

LITERATURE VARIABLE PREDICTED LOSS FUNCTION (𝐺𝑜𝐹) 

LSTM NEURAL NETWORKS 
Huang et al. (2018); 𝑣(𝑡), 𝑎(𝑡) 𝑀𝑆𝐸(𝑠, 𝑣) 

Morton et al. (2017); 𝑎(𝑡) 𝑅𝑊𝑆𝐸(𝑥, 𝑘) 

 
REINFORCEMENT 

LEARNING APPROACH 

Chong et al. (2013); 
𝑎(𝑡), 𝑦𝑤𝑎(𝑡) 

 

REWARD FUNCTION 
𝑟(𝑎, 𝑦) 

 

Zhu et al. (2018); 

“Actor” Neural Network: 
𝑎(𝑡) 

𝑅𝑀𝑆𝑃𝐸(𝑠), 𝑅𝑀𝑆𝑃𝐸(𝑣), 
REWARD FUNCTION 

𝑟(𝑠, 𝑎) 

“Critic” Neural Network: 
Scalar value 

𝑄(𝑠𝑡𝑎𝑡𝑒(𝑡), 𝑎(𝑡)) 

𝑅𝑀𝑆𝑃𝐸(𝑠), 𝑅𝑀𝑆𝑃𝐸(𝑣), 
REWARD FUNCTION 

𝑟(𝑠, 𝑎) 

FEEDFORWARD NEURAL 
NETWORKS 

Zheng et al. (2013); 𝑎(𝑡 + ∆𝑡) 𝑀𝑆𝐸(𝑎) 

RECURRENT NEURAL 
NETWORK 

Zhou et al. (2017); 𝑠(𝑡), 𝑣(𝑡), 𝑎(𝑡) 
𝑀𝑆𝐸(𝑠), 𝑀𝑆𝐸(𝑣), 

𝑀𝑆𝐸(𝑎) 

Wang et al. (2018); 
𝑎(𝑡 + ∆𝑡)  
𝑣(𝑡 + ∆𝑡) 

𝑀𝑆𝐸(𝑥) 

Wu et al. (2019); 𝑠(𝑡), 𝑣(𝑡), 𝑎(𝑡) 𝑀𝑆𝐸(𝑠, 𝑣), 𝑀𝐴𝐸(𝑥) 

PHYSICS-INFORMED 
NEURAL NETWORKS 

Mo et al. (2021); 𝑎(𝑡 + ∆𝑡) 𝑀𝑆𝐸(𝑎) 

ARTIFICIAL NEURAL 
NETWORKS 

Khodayari et al. (2012); 𝑎(𝑡) 
𝑀𝐴𝑃𝐸 (𝑎), 𝑅𝑀𝑆𝐸(𝑎), 

𝑆𝐷𝐸(𝑎) 

Table 7: Classification of Car-Following Neural Network frameworks. 

6.2 Applications of AI to traditional lane-changing 

For Lane-Changing applications, several authors depicted different frameworks using a specific typology of 
Neural Network, whose structure is always based on Figure 3. Table 8 presents a comprehensive overview of 
different neural network typologies employed in the literature, along with the variables they predict and the 
corresponding loss functions used to evaluate their performance. Deep belief neural networks, as 
investigated by Xie et al. (2019), focus on predicting the binary variable 𝐷𝑒𝑐, which represents the driver's 
decision to change lane or not. The mean squared error (𝑀𝑆𝐸) is employed as loss function to measure the 
accuracy of the predictions. Xie et al. (2019), Zhang et al. (2019), and Wei et al. (2022) employed separately 
and independently from each other LSTM neural Networks to predict the longitudinal and lateral vehicle 
position, 𝑥(𝑡 + ∆𝑡) and 𝑦(𝑡 + ∆𝑡) respectively. All three frameworks applied the mean squared error (𝑀𝑆𝐸) 
as loss function to assess the accuracy of the predictions for both 𝑥(𝑡 + ∆𝑡) and 𝑦(𝑡 + ∆𝑡).  

Convolutional neural networks, as explored by Lee et al. (2019), focus on predicting the probability of lane 
changing 𝑝𝑛,𝑙for each vehicle 𝑛 and for each lane 𝑙. The mean squared error (𝑀𝑆𝐸) as loss function is utilised 
to evaluate the accuracy of the predictions for 𝑝𝑛,𝑙. Fully connected neural networks, as studied by Chen et 
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al. (2023), are employed to predict the position 𝑥. In this case, the mean squared error (𝑀𝑆𝐸) as loss function 
is used to quantify the accuracy of those predictions. Finally, recurrent neural networks, investigated by B. 
Zhu et al. (2021), even focus on predicting the variable 𝐷𝑒𝑐. The mean squared error (𝑀𝑆𝐸) loss function is 
employed to assess the accuracy of the predictions for 𝐷𝑒𝑐. 

NEURAL NETWORK 
TYPOLOGY 

LITERATURE VARIABLE PREDICTED LOSS FUNCTION (GoF) 

DEEP BELIEF NEURAL 
NETWORKS 

Xie et al. (2019); 𝐷𝑒𝑐 𝑀𝑆𝐸(𝐷𝑒𝑐) 

LSTM NEURAL NETWORKS 

Xie et al. (2019); 𝑥(𝑡 + ∆𝑡), 𝑦(𝑡 + ∆𝑡) 𝑀𝑆𝐸(𝑥, 𝑦) 

Zhang et al. (2019); 𝑥(𝑡 + ∆𝑡), 𝑦(𝑡 + ∆𝑡) 𝑀𝑆𝐸(𝑥, 𝑦) 

Wei et al. (2022); 𝑥(𝑡 + ∆𝑡), 𝑦(𝑡 + ∆𝑡) 𝑀𝑆𝐸(𝑥, 𝑦) 

CONVOLUTIONAL NEURAL 
NETWORKS 

Lee et al. (2019); 𝑝𝑛,𝑙  𝑀𝑆𝐸(𝑝𝑛,𝑙) 

FULLY CONNECTED 
NEURAL NETWORK 

Chen et al. (2023); 𝑥 𝑀𝑆𝐸(𝑥) 

RECURRENT NEURAL 
NETWORK 

Zhu et al. (2021); 𝐷𝑒𝑐 𝑀𝑆𝐸(𝐷𝑒𝑐) 

Table 8: Classification of Lane-Changing Neural Network frameworks. 

6.3 Applications of AI to AV driving assistance systems 

The previous paragraphs provided a review of Lane Changing applications, concerning the state-of-the-art 
techniques to model drivers’ heterogeneity (Table 6). It covers the decision on EGO vehicle control for car-
following and lane-changing. In addition, a complimentary approach consists in using the perception of 
environment parameters to generate a situation analysis of the vehicle behaviour for the own EGO and 
surrounding objects (OBJ) vehicles. Its goal is to recognise manoeuvres, e.g. cut-in, cut-out, lane follow, 
car/object follow, which might have an impact on road safety and therefore might be relevant for collision 
avoidance functionality of an automated vehicle. 

From automotive perspective, this complimentary model of vehicle behaviour and manoeuvre recognition 

is essential for the Adaptive Cruise Control (ACC) functionality of a vehicle at different levels of automation 

(from manually driven, through Driver Assistance Systems, up to automation levels SAE3 – SAE5).  

Therefore, it enriches the modelling of drivers’ heterogeneity by combining the uncertainties in vehicle 
behaviour with the uncertainty due to human factors. The need of this combination is required due to the 
increased level of automation under the conditions of mixed traffic, where all manoeuvres should be 
qualitatively accurately and recognized as early as possible, independent of whether a human or a robot is 
steering a vehicle. This is also important for the sustainability of our approach to modelling of drivers’ 
heterogeneity from different perspectives.     

In i4Driving, we will extend the existing Bayesian Networks (BN) models, which we developed for manoeuvre 
recognition in another EU-Project AMIDST (Analysis of Massive Data Streams, FP7 project under grant 
agreement no 619209) together with our sub-contracting partner HUGIN EXPERT A/S (Weidl, Madsen, 
Stevens, et al., 2018; Weidl, Madsen, Tereshchenko, et al., 2018). For the preparation of these BN models, we 
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have used the HUGIN software tool (Madsen et al., 2005) for probabilistic graphical models to speed up the 
BN developments and we implemented algorithms to meet the automotive requirements on accuracy, 
memory space restrictions and speed of manoeuvre recognition (Weidl et al., 2014). The BN for manoeuvre 
recognition has been developed using the modelling principles described in Kjræulff & Madsen (2013) and 
extended for parallel computations with streaming data sets to speed up the manoeuvre recognition to 120 
microseconds on the vehicle on-board computer, while processing hypotheses in parallel within the same 
manoeuvre recognition application (Weidl, Madsen, Stevens, et al., 2018; Weidl, Madsen, Tereshchenko, et 
al., 2018). This was a requirement due to the need to integrate the manoeuvre recognition application in the 
on-board computer of the test vehicle, driving on real highway roads.  

In this project and WP4, we enrich the modelling of drivers’ heterogeneity by combining the uncertainties in 
vehicle behaviour with the uncertainty due to human factors. 

We follow similar methodology for the modelling of uncertainties due to Human Factors as for vehicle 
behaviour, as already developed in another EU-Project AMIDST. 

The novelty with Human Factors is to find the causality relations between Human Factors and Vehicle 
Behaviour. The causality will be extracted by use of Deep Learning and use these interdependency relations 
to extend the models with new hypotheses due to Human Factors and to combine all hypotheses together 
to explore the interrelations between both groups of uncertainties in driver heterogeneity as well as for the 
heterogeneity of parameters characterizing the surrounding vehicles, driving nearby EGO. 

6.3.1 Uncertainty modelling in Bayesian Networks for Computed and Measured Data 

At the basic level of the OOBN model for manoeuvre recognition for situation analysis of the vehicle’s 
behaviour, during real driving on the highway a generic network class will be used for the handling of 
uncertainties in all available data. This data can be originating from the variables, computed from relevant 
physical models, from sensor measured data and/or from fused object data, where lidar, radar and camera 
data are combined to improve the robustness and the quality of the model. The available sensors’ data are 
used as evidence in the OOBN model, as well as soft evidence for the domain characteristic situation features, 
which are computed from physical models.  

In general, the measured signal 𝑠𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑  is obtained from its real value under measurement 𝑠𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑  and 

its disturbance (sensor noise) 𝑠𝑒𝑟𝑟  around the real value, i.e. 𝑠𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑  =𝑠𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑  + 𝑠𝑒𝑟𝑟. In many applications, 

the sensor noise is modeled as a zero-mean Gaussian random process. In that case, the disturbance is fully 
described by the variance 𝑠𝑒𝑟𝑟  = σ2 .  

Thus, the probability of the observed/recorded signal value is conditionally dependent on the random 
changes of the two variables as follows: 𝑝(𝑠𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑|𝑠𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑   , 𝜎2 )  =  𝑁(𝑠𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑 ,  𝜎2), where 

𝑁(𝑠𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑 ,  𝜎2) denotes the assumed Gaussian distribution (Kasper et al., 2012).  

This is reflected in the structure of the model for handling of uncertainties in computed and/or measured 
data due to measurement noise within a sensor device and/or due to inherited uncertainties in computed 
variables. To deal with the uncertainties in measured and/or computed signals and to be able to distinguish 
between the states of deduced features, the variables are discretised in predefined partitions. Here, the 
discretisation bins are determined e.g., by expert knowledge. Through the measured value (evidence) of the 
variables 𝑠𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 and their variances σ2 the probability distribution of their real values 𝑠𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑  can be 

obtained through Bayes Inference. This simple model is used for all features, involved in the manoeuvre 
recognition model for situation analysis.  

6.3.2 Extension of cognitive BN models for manoeuvre recognition with “Human Factors” 

The extension of the existing cognitive BN models for manoeuvre recognition is concerned with including 
the Human Factors in combination with the vehicle driving behaviour. The focus is on incorporating the 
uncertainties and heterogeneity/diversity in the input data sources. The extended BN model for manoeuvre 
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recognition, where we combine vehicle driving behaviour (as in AMIDST) with the behaviour of a skillful driver 
(Human Factors) will integrate the available cognitive/expert knowledge from i4Driving-Model libraries to 
represent the heterogeneity in the combined cognitive hypotheses of the “vehicle- and driver-behaviour” 
model. Moreover, the results will be explained to the end-user to ensure transparency and acceptance of 
derived AI-results. The diversity in Human Factors is a combination of features, like age, gender, driving 
experience under diverse weather and environmental conditions. 

We have models for specific manoeuvres of the surrounding vehicles, as observed from the own vehicle EGO-
level (the vehicle can be controlled by a human or automated with various SAE-levels of automation). We 
intend to incorporate also human factors (with their heterogeneity) to include a perspective from inside the 
car (skillful driver level). The need for this combination of vehicle and human driving level is needed for the 
final goal in the i4Driving EU-Project, i.e., to prove that, when tested autonomously, driving vehicles exhibit 
a skillful human-like (interpretable) driving behaviour, which is important for all participants in mixed traffic 
(probably for the next 20 years). 

Therefore, a joint perspective needs to combine skillful driver level behaviour and vehicle level behaviour.  

We want to test ADS (Autonomous Driving Systems in Connected Cooperative Autonomous Mobility) on the 
street or in the driving simulator and to compare with the driving behaviour of a skilled human driver, to 
enhance public confidence and acceptance in the developed models for autonomous driving. 

The BNs developed in the EU-project AMIDST are probabilistic networks, which are used to solve problems 
of probability update for decision making, such as continuous manoeuvre recognition under uncertainties in 
streaming data, characterising the ego- and surrounding vehicles. In probability update problems, such as 
maneuver recognition, the focus is typically on the posterior probability of a single hypothesis variable after 
considering the available evidence. The evidence set consists of many findings, represented by 
measurements of dynamically changing features such as different types of speed and distances. These 
features characterise the vehicle’s driving behaviour and are represented by the corresponding perception 
hypotheses (Weidl, Madsen, Stevens, et al., 2018; Weidl, Madsen, Tereshchenko, et al., 2018). 

The i4Driving project intends to extend the developed BN models for manoeuvre recognition to combine the 
behaviour of the own and surrounding vehicles with human factors. The combination of physical features of 
the vehicle with human factors is an innovation in autonomous driving tasks such as manoeuvre recognition. 
Therefore, it is important to consider the robustness of this combination of information, i.e., human factors 
together with the evidence set for the physical features related to the movement of the ego- and surrounding 
vehicles inside a typical highway environment.  

To investigate the robustness of the output probabilities of a Bayesian network, a sensitivity analysis can be 
performed. There are mainly two different types of sensitivity analysis that can be performed on a Bayesian 
network: evidence sensitivity analysis and parameter sensitivity analysis. Evidence sensitivity analysis 
determines the sensitivity of the posterior probability of a hypothesis relative to observations 
(evidence/findings) made. Parameter sensitivity, on the other hand, aims to determine the sensitivity of the 
posterior probability of a hypothesis given a set of evidence, i.e., how sensitive the results of a belief update 
(propagation of evidence) relative to variations of the value of a parameter of the BN model. Here, a 
parameter of the BN model is an entry of a conditional probability distribution for one of the nodes of the 
BN.   

Below, we follow the presentation of Kjræulff and Madsen (2013) for the descriptions on sensitivity analysis.  

Since the evidence set in manoeuvre recognition often consists of many findings (measurements and/or 
computed variables) or even when it consists of only a small number of findings, questions concerning the 
impact of subsets of the evidence on the hypothesis or a competing hypothesis emerge. To answer such 
questions, sensitivity analysis can be performed. 
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Evidence sensitivity analysis may, for instance, give answers to questions like what are the minimum and 
maximum probabilities produced by observing a variable? Which evidence acts in favour of or against a 
hypothesis? Which evidence discriminates one hypothesis from an alternative hypothesis? and what if a certain 
observed variable had been observed to a value different from the actual value? Knowing the answers to these 
and similar questions may help to explain and understand the conclusions reached by the model as a result 
of probabilistic inference. It will also help to understand the impact of subsets of the evidence on a specific 
hypothesis and alternative hypotheses. 

Bayesian Networks enable evidence sensitivity analysis, which introduces a distance measure designed to 
measure the impact of evidence on the probability of a hypothesis. Evidence sensitivity analysis considers 
identifying minimum and maximum beliefs in a hypothesis given various subsets of the evidence, the impact 
of different evidence subsets on a hypothesis, how subsets of the evidence discriminate between a pair of 
competing hypotheses, what-if analysis, and the impact of findings on a hypothesis variable. 

Evidence sensitivity analysis is not the only possible kind of sensitivity analysis that can be performed on a 
Bayesian network. Parameter sensitivity analysis is, as mentioned above, is another type of sensitivity analysis 
that is supported by Bayesian networks. The i4Driving projects focuses on parameter sensitivity analysis in 
discrete Bayesian networks as the BN models considered for manoeuvre recognition which contain only 
discrete random variables (as continuous entities are discretised). The parameters considered in parameter 
sensitivity analysis are the entries of the conditional probability distributions specified in the Bayesian 
network. The analysis is performed relative to a hypothesis h and a given set of evidence ɛ. It has been shown 
that there is a (surprisingly) simple correlation between the probability of a set of evidence and an entry of a 
conditional probability distribution. 

Parameter sensitivity analysis is based on the observation that the probability of the evidence is a linear 
function of any single parameter in the model, that is, any entry of any conditional probability distribution 
(CPD) (Castillo et al., 1997; Coupè & van Der Gaag, 1998). This is a property of BNs, which is useful to validate 
the probability parameters of a Bayesian network. Parameter sensitivity analysis is performed by 
investigating the effect of small changes in the model's numerical parameters (i.e., prior and conditional 
probabilities) on the output (e.g., posterior probabilities). Highly sensitive parameters affect the reasoning 
results more significantly. Identifying them allows for a directed allocation of effort to obtain accurate results 
of a Bayesian network model.   

Knowing that the probability of the evidence is a linear function of the parameter, the functional relation 
between the probability of a hypothesis given a subset of evidence ɛ and a parameter of a conditional 
probability distribution can be determined. The sensitivity analysis is based on the sensitivity function 𝑓(𝑡), 
as described below. That is, 𝑦 =  𝑃(ɛ) as a function of a conditional probability 𝑡 =  𝑃(𝑋 = 𝑥 | 𝑝𝑎(𝑋) = 𝑧) 
has the simple form 𝑦 =  𝛼 ∗ 𝑡 + 𝛽 where 𝛼, 𝛽  ∈  ℝ. This implies that the conditional probability of a 
hypothesis h given evidence ɛ as a function of a parameter 𝑡 has the form 𝑓(𝑡) =  𝑃(ℎ | ɛ)(𝑡)  =
 𝑃(ℎ | ɛ)(𝑡) / 𝑃(ɛ)(𝑡)  =  (𝛼 ∗ 𝑡 + 𝛽)/(𝛾 ∗ 𝑡 + 𝛿) for computing the belief of a state of a node for a given 
parameter t (i.e., t represents an entry of a CPD in the model). Hence, the posterior probability 𝑃(ℎ | ɛ)(𝑡) is 
a quotient of two linear functions of the parameter t. 

The sensitivity value is computed based on the sensitivity function 𝑓′(𝑡) = (𝛼 ∗ 𝛿 − 𝛽 ∗ 𝛾)/(𝛾 ∗ 𝑡 + 𝛿)2, 
where 𝛼, 𝛽, 𝛾, 𝛿 ∈  ℝ, which is the derivative of the 𝑓(𝑡) with respect to the parameter t. The sensitivity value 
of a parameter t is computed as the value of the sensitivity function 𝑓’(𝑡) at the initial assessment of the 
parameter. The sensitivity value is used to guide the parameter sensitivity analysis so that the process focuses 
on the parameters that produce the largest change in the posterior distribution under consideration. 

Parameter sensitivity analysis is particularly useful for identifying parameters of a probabilistic network that 
have a large or small impact on the probability of a hypothesis given a set of evidence. When knowledge 
elicitation resources are limited, parameter sensitivity analysis is a useful tool for identifying and focusing 
resources on the parameters that are most influential on the posterior probability of a hypothesis given 
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evidence. It helps to understand how the behaviour of the model (e.g., the probability of a hypothesis given 
evidence) changes as the parameters of the model change. It helps to identify the parameters where a small 
variation in the assessment may have a large impact on the probability of the hypothesis. This is useful to 
assess the robustness of the model to (small) changes in the input values. That is, parameter sensitivity 
analysis can be used to focus knowledge elicitation resources on the model construction process. 

The HUGIN tool with its Parameter Sensitivity Wizard enables the user to perform sensitivity analysis on the 
hypothesis variables to changes on the value of the parameter variables (Madsen et al., 2005).  It implements 
sensitivity algorithms proposed by Jensen et al. (1995); Kjærulff and van der Gaag (2000). The last algorithm 
performs simple sensitivity analysis in Bayesian networks, i.e., given a set of target nodes, the algorithm 
calculates efficiently a complete set of derivatives of the posterior probability distributions over the target 
nodes over each of the numerical parameters of the Bayesian network. These derivatives (i.e., sensitivity 
values) give an indication of the importance of precision of network numerical parameters for calculating the 
posterior probabilities of the targets. If the derivative is large for a parameter t, then a small change in t may 
lead to a large change in the posteriors of the targets. If the derivative is small, then even large changes in 
the parameter make little difference in the posteriors.   

In summary, a one-way sensitivity analysis establishes, for each of the probability parameters of a network, 
a function expressing the posterior marginal probability of interest in terms of the parameter. In the case of 
manoeuvre recognition this could be the probability of a specific manoeuvre given evidence on the features.  
The corresponding methods for computing the coefficients in such a function rely on a large number of 
network evaluations.   

In a naïve implementation, the coefficient of each sensitivity function would be determined by a separate 
propagation of the evidence. Given the large number of parameters in the developed models for manoeuvre 
recognition, this option is infeasible in practice. Kjærulff and van der Gaag (2000) describe an approach for 
making sensitivity analysis computationally efficient that is implemented in HUGIN software. Moreover, their 
method extends these results to an n-way sensitivity analysis in which sets of parameters are studied. In 
addition, Madsen (2005) describes a propagation method that makes it possible to compute the coefficients 
for all parameters from a single propagation in a junction tree representation. Furthermore, in HUGIN 
software there are techniques implemented to satisfy constraints on the probability of the hypothesis given 
evidence, i.e., what is the minimal change that should be made to a parameter of the model to ensure that 
the probability of the hypothesis given evidence is above a specified threshold.    

It may still be relevant or even necessary to consider the sensitivity analysis (both parameter sensitivity 
analysis and evidence sensitivity analysis across a set of evidence).   

The intended extension in i4Driving incorporates the uncertainties in vehicle behaviour in combination with 
uncertainties in human factors due to diversity/heterogeneity features, e.g., age, gender, driving experience 
under diverse weather and environmental conditions. This innovation needs to ensure the robustness of 
combined heterogeneous features, together with their evidence set. Therefore, sensitivity analysis becomes 
a very valuable technique to ensure robust models. 

6.3.3 Uncertainty modelling in drivers’ “2D-3D” models 

Uncertainty modelling in driving refers to predicting and managing the uncertainty that comes with driving. 
This includes modelling factors such as traffic flow, road conditions, weather conditions, and other factors 
that can affect driving performance. Uncertainty modelling is essential for developing robust and safe driving 
systems that can adapt to unpredictable situations. Uncertainty modelling in driver's 2D and 3D models using 
machine learning involves using probabilistic machine learning models to capture the uncertainty and 
variability in driver behaviour and vehicle dynamics (Chen & Ulsoy, 1999). These models can incorporate data-
driven features and can be trained using real-world data to improve their accuracy and reliability (Abdar et 
al., 2021). One popular machine learning approach for uncertainty modelling in driver's 2D and 3D models is 
Bayesian machine learning. Bayesian machine learning models provide a probabilistic framework for 
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modelling uncertainty by treating model parameters as random variables with associated probability 
distributions. By using Bayesian inference techniques, it is possible to update the probability distributions 
over the model parameters as new data is observed, allowing for more accurate and reliable predictions. In 
3D modelling, machine learning algorithms can also be used to learn patterns and relationships in large 
datasets of vehicle position and orientation data, as well as other relevant variables such as road and weather 
conditions. This can include techniques such as deep learning, which can learn complex representations of 
the input data and make more accurate predictions of vehicle behaviour (Mishra et al., 2021).  

7 Uncertainty modelling in traffic simulation practice 

This section provides a general overview of available guidelines to model uncertainty in traffic simulation 
practice through the calibration and validation of traffic models, with an emphasis on microscopic models. In 
traffic modelling, this topic is crucial as the traffic models’ capability to accurate estimate the effect of a 
transportation policy is highly affected by the calibration and validation of the model parameters (Ciuffo et 
al., 2012). Therefore, without rigorous model calibration and validation it will not be possible to have 
confidence on the model simulations. Having said that, this chapter is divided into two parts. First, a review 
of national guidelines on how to apply microscopic traffic simulation models is presented; this allows us to 
show the current approaches followed by practitioners. The second part is devoted to summarising the 
advances in scientific literature over the last 20 years regarding sensitivity analyses and calibration 
procedures in microscopic traffic models. 

7.1 Review of guidelines 

To analyse the state of the art of the application of traffic microsimulation models and uncover the degree 
to which this topic has been already examined, a review was conducted on national guidelines on how to 
apply microscopic traffic simulation models2. These guidelines are summarised below: 

• United Kingdom: the application of transport planning models has a longstanding tradition and 
accordingly, procedures for application of such models are quite elaborate and influential. The U.K. 
has a hierarchy of guidelines, of which the leading one is WebTag issued by the Department for 
Transport (UK Deparment for Transport, 2013).This is in parts comparable to the Highway Capacity 
Manual (TRB, 2010) as it defines the necessary infrastructure standards to meet a given travel 
demand. Since infrastructure requirements are primarily determined by demand, WebTAG is primarily 
concerned with demand models and with social, environmental and economic assessment. Its recent 
update to include more discussions on highway assignment modelling makes little reference to 
microsimulation being more oriented to specifying general principles of model scope and model 
calibration and validation, rather than the specific technology underpinning the model. For the 
application of microscopic traffic flow simulation models there are more specialised documents 
issued by other UK government agencies, such as the Highways Agency  (Highways Agency, 2007), 
Transport for London (Transport for London, 2021)  and the Model Auditing Process (Transport for 
London, 2017a, 2017b), which provides a transparent and structured framework for all interested 
parties through model development, submission and auditing. 

• United States: “Guidelines for Applying Traffic Microsimulation Modelling Software” exist as 
Volumes 2 and 3 of the “Traffic Analysis Toolbox” published by the Federal Highway Agency FHWA 
(Dowling et al., 2004; Jeannotte et al., 2004).  It covers the whole process of using traffic simulation, 
starting from the question of which tool to use and whether microsimulation is appropriate, and 
ending with advice how to write the project report and what it should contain. The guideline contains 

 
2 Among the most relevant results we can find the guidelines in United Kingdom, the United States, Australia and New Zealand. For further 
information, the interested reader can be referred to the document “JCR Science and Policy Report Traffic Simulation:  Case for guidelines (2014)” for 
consulting the full compendium of guidelines (Costas Antoniou et al., 2014) or to (Liu & Olstam, 2018) for reviewing in extra guidelines in European 
countries which were defined through specific use cases. 
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a section on calibration, but no differentiation is made between calibration and validation. More 
recently, the Volume 3 of the “Traffic Analysis Toolbox” has been updated where the main change is 
the change is the emphasis on replicating congestion and bottlenecks more than just meeting traffic 
volumes (Wunderlich, 2019). Apart from this, the US is characterised by having specific guidelines 
through different states, which are usually updated. The most representative states’ guidelines are: 
Minnesota  (Minnesota Transportation, 2002, 2008), Nevada (Nevada DOT, 2012, 2018; Paz et al., 
2013), North Carolina (Rouphail et al., 2022), Oregon (Dunn et al., 2015), Virginia (VDOT, 2020a, 2020b), 
Washington (McClanahan et al., 2014), California (Dowling et al., 2002), Colorado (CDOT, 2023), Utah 
(Utah Department Transportation, 2018). 

• Australia: a guideline has existed since 2006: “The Use and Application of Microsimulation Traffic 
Models” (Austroads, 2006), covering calibration and validation in detail, giving targets to meet 
explicitly referring to the U.S. Federal guideline, while network modelling is dealt with more 
specifically in “Guidelines for selecting techniques for the modelling of network operations” 
(Austroads, 2010). Treatment of field data and model results by statistical methods is explained and 
in two appendices, theoretical background on traffic flow simulation is given and AIMSUN, 
PARAMICS and VISSIM are presented. The Roads and Maritime Services of New South Wales also 
produces its own guidelines with a strong emphasis on modelling dynamically controlled signalised 
junctions in its sections on microsimulation (Moran & Veysey, 2013). Recently, the Main Roads 
Operational Modelling Guidelines was published (Carvajal, 2018). The objective of the guidelines is to 
ensure consistency in traffic modelling practice and to promote the production of accurate modelling 
outputs that will result in high-quality project design and assessment that transitions into operations. 
Then, one year later, it was published the Transport Model Development Guidelines, whose purpose 
is to provide guidance for the comparisons carried out between observed and modelled outputs, 
commonly during the base model development phase of a project (Brennand, 2019). 

• New Zealand: the NZ Transport Agency’s Economic Evaluation Manual contains official model 
transport model checks and validation guidelines (Brennand, 2019). However, the 
calibration/validation target levels in this document are only really applicable to regional strategic 
planning. The “New Zealand Modelling User Group” is a sub-group of NZ’s professional engineering 
institute (IPENZ) and is currently producing an observed and modelled data comparison guideline i.e. 
focused on calibration/validation targets. The guideline is not specific to the specification and 
development of microsimulation models or any other form of transport model, i.e. it does not contain 
‘how to’ guidance but does contain calibration and validation targets which are applicable to a range 
of common microsimulation model applications.  

As mentioned before, this overview of national guidelines is presented in the document “JCR Science and 
Policy Report Traffic Simulation: Case for guidelines (2014)” (Antoniou, 2014). This document is a step 
forward of the MULTITUDE project3, where a survey was undertaken in 2011 regarding how practitioners used 
traffic simulation models. The survey unfolded that 19% of those polled, conducted no calibration of their 
models, and of those that did, only 55% used guidelines during this process. From those results, the authors 
of the document carried out a second survey that identified which documents were being used most, and 
areas of concern, where it was felt that further/better guidance was needed. As a result, the authors 
examined five gaps, where improvements would allow better overall guidance to be produced in traffic 
simulation. Those areas are: 

• Data, where a greater quality and quantity needs to be available not only for the performance of 
calibration and validation but also to allow a greater understanding of the variability of conditions 
likely to be encountered.  

 
3 The MULTITUDE Project (Methods and tools for supporting the Use, caLibration and validaTIon of Traffic simUlations moDEls) is an Action (TU0903) 

supported by the EU COST office (European Cooperation in Science and Technology) and focuses on the issue of uncertainty in traffic simulation, and 
of calibration and validation as tools to manage it. It is driven by the concern that, although modelling is now widespread, we are unsure how much 
we can trust our results and conclusions. 
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• Standardisation and definitions in basic methodology, where greater clarity is required as to what 
(for example) measures of performance.  

• Illustration, Comparison and Evaluation, with a greater need for comparable case and meta studies. 

• Variability, where guidance is needed as to which (for example) parameters effect differing 
macroscopic observables, the so called ‘hierarchy of parameters’ which can be uncovered through 
greater sensitivity and uncertainty analysis.  

• Assisted calibration, where automated codes would aid in sensitivity analysis, batch analysis and, 
through reduced project ‘run times’, potentially an increase in the number of runs undertaken. 

7.2 Scientific literature review 

Traffic simulation models have been broadly applied by practitioners and researchers over the last decades. 
These models aim to analyse diverse means of transportation on road infrastructure that can range from 
individual intersections or corridors to networks of different sizes. One of the main contributions coming 
from traffic models is their ability to represent and simulate the dynamics of traffic environments, while being 
able to be integrated with a range of other analytical or data-driven tools useful to monitor and improve 
traffic management (Matcha et al., 2020). 

Considering a micro-simulation level, the scope of traffic models has changed over the years. At the 
beginning, the geometry of study was mainly focused on traffic simulation models that represent traffic 
dynamics at a corridor level.  Some examples of this traffic simulation scope are the works of (Hourdakis et 
al., 2003; Schultz & Rilett, 2004; L. Yu et al., 2006). Although addressing corridors as area of study is still 
present in scientific literature, more recently, other authors have approached the development of traffic 
simulation models, which cover broader areas like intersections (Bearakat, 2013; Siddharth & Ramadurai, 
2013) and networks (Chu et al., 2003; Oketch & Carrick, 2005) due to the presence of sensing technologies 
covering wider areas.  In the latter case, depending on the availability and quality of data, different traffic 
network sizes can be studied: small (Bartin et al., 2018; J. Li et al., 2011; Paz et al., 2020), medium (Amirjamshidi 
& Roorda, 2019; Flötteröd et al., 2011; Osorio & Punzo, 2019) or big networks (Jha et al., 2004; C. Zhang et al., 
2017). 

Regardless of the scope under study, three types of traffic models are usually considered at the microscopic 
level in academic literature. These models are car-following, lane-changing and 2D models. Car-following 
models are focused on how vehicles follow one another on the roads. They aim to model how a vehicle 
maintains a minimum space and time gap between it and the car that precedes on a given road. Among the 
most typically used car-following models id the Wiedemann model, the Gipps' model and the Intelligent 
driver model (Ciuffo & Lima Azevedo, 2014; Mitroi et al., 2016; Punzo et al., 2021; D. Yang et al., 2019).  

In the second case, lane changing models seek to model and simulate how drivers’ change lanes from one 
lane to another. Such lane changing manoeuvres can influence either macroscopic or microscopic traffic 
flows due to the interference effect they have on surrounding vehicles. For instance, one relevant effect of 
lane changing on traffic flow characteristics could be speed and traffic flow oscillations. Within the literature 
review done, we identified two main categories of lane changing models usually considered by authors; they 
are driving assistance and driving decisions models (Chiappone et al., 2016; T. Hou et al., 2013; Llorca et al., 
2015; Matcha et al., 2020). Lastly, the third type of traffic model identified is 2D models. These concern models 
representing the interaction of vehicles in both lateral and longitudinal directions, giving rise to two-
dimensional (2D) traffic behaviour. Thus, 2D models diverge from the traditional car-following and lane-based 
traffic models, as they consider lane changing and overtaking behaviour of the traffic stream at the same 
time (Matcha et al., 2020). 

The three categories of models described above are frequently implemented and simulated in microscopic 
simulation frameworks, which can be either commercial or open source. This kind of simulation frameworks 
incorporate different traffic models to simulate traffic streams on a wide diversity of scenarios. Thus, the 
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software can be used to analyse and evaluate traffic characteristics and the performance of roadway sections 
and networks at the microscopic level. 

During the last years, many traffic software such as Aimsun, Vissim, Paramics, Babsim, SUMO, MATSim, 
Transyt, Dracula, Nemis, TransModeler and OTS, among others, have been developed and widely used in 
scientific literature to simulate and evaluate the models mentioned before. Between the software more 
typically used we can find: 1) Aimsun, which is a multi-resolution, multi-modal modelling tool that can simulate 
mobility on any scale (Hourdakis et al., 2003; Kan et al., 2019; Mitroi et al., 2016); 2) Vissim, that also provides 
a realistic and detailed overview about the status of traffic flows, with the option to define multiple what-if 
scenarios (Henclewood et al., 2016; Z. Hou & Lee, 2018; Song & Sun, 2016); 3) Paramics, a traffic modelling 
software that enables transport professionals to design, evaluate and present traffic solutions at a 
microscopic scale (Bartin et al., 2018; Chu et al., 2003; Oketch & Carrick, 2005); 4) SUMO, which is an open 
source, microscopic and continuous multi-modal traffic simulation package designed to handle large traffic 
networks (Cervellera et al., 2022; Geistefeldt et al., 2014); and 5) MatSim, a framework to implement large-
scale agent-based transport simulations, which offers demand-modelling, agent-based mobility-simulation 
(traffic flow simulation), among other functionalities (Flötteröd et al., 2011; Jha et al., 2004; C. Zhang et al., 
2017). 

Regardless of the software considered to approach a given traffic simulation problem, any model created in 
the frameworks needs to be calibrated. Calibration refers to the process of adjusting a model until its 
simulation results fall in acceptable ranges between the actual and simulated traffic measure under 
consideration (e.g., traffic flow, travel time). This can involve adjusting various model parameters or inputs 
to ensure that the model produces results that closely match real-world observations or data. Nevertheless, 
before calibration is done, there is another step required focused on determining what parameters affect the 
model output the most; this is known as sensitivity analysis.  

Sensitivity analysis can be used to validate the calibration of traffic simulation models (e.g., car-following, 
lane-changing models) by assessing the impact of changes in input parameters on the model outputs as 
mentioned before. The idea is to test whether the model behaves correctly under different conditions and 
whether the calibration is reliable. To use sensitivity analysis for validation, the process starts by selecting a 
set of input parameters and validation data. Then, one or more input parameters are varied while keeping 
other parameters fixed. Here the effect of these changes on the model output needs to be evaluated. It is 
also possible to change multiple parameters simultaneously to observe how they interact with each other. 
During sensitivity analysis, different performance measures can be used to evaluate the impact of varying 
the input parameters on the model output (e.g., absolute error, root mean square error, correlation 
coefficient). For example, suppose a car-following model is being calibrated and it is needed to assess the 
sensitivity of the model to changes in the time headway parameter. In this context, the value of the time 
headway parameter within a reasonable range can be modified. While a preliminary investigation can be 
performed by varying this parameter alone, this one-at-a-time (OAT) approach is non-conservative as it 
explores the input space poorly and misses on interactions. It is thus important to look at the effect of the 
headway parameters while all other parameters relevant to the exercise are changed as well, using global 
sensitivity analysis practices (Saltelli et al., 1999, 2010).  

Then, the model output needs to be compared under different time headway values to see how it is affected. 
If the model output changes significantly when the time headway is varied, it suggests that the time headway 
parameter has a strong impact on the model output and that it is an important parameter to include in the 
calibration process. If the sensitivity analysis shows that the model behaves correctly under different 
parameter values, it can provide confidence that the model is accurately calibrated and can reliably simulate 
different traffic scenarios. 

As stated above, sensitivity analyses and calibration procedures are two required tasks to guarantee the 
performance of traffic simulation models. However, despite their relevance, there are no consolidated 
guidelines in the scientific literature on how two approach these modelling steps in a standard way. First, in 
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the case of sensitivity analyses, only a few of articles mentioned this step explicitly providing details about 
the method to use it, and it is a common practice to make a pre-selection of the parameters to be involved in 
the calibration procedure later on (Ciuffo & Lima Azevedo, 2014). Such decision is typically made based on 
prior knowledge of the model or the modelers (Punzo & Ciuffo, 2009; Saltelli et al., 2008). Although this 
approach usually works, it also can be risky as the interaction among groups of parameters may remain 
hidden even for experts (Ciuffo & Lima Azevedo, 2014). Nevertheless, the selection of model parameters to 
perform a systematic analysis of them have been addressed in the literature through different methods like 
ANOVA, multistep sensitivity analysis, gradient based optimisation and grid search (Cascan et al., 2019; 
Chiappone et al., 2016; Ciuffo & Lima Azevedo, 2014; Hourdakis et al., 2003; Siddharth & Ramadurai, 2013; 
Song & Sun, 2016). 

The case of calibration is very different because almost all papers provide details of this process when 
developing traffic simulation models. The latter could be because calibration is a critical step in ensuring the 
accuracy and reliability of traffic models, especially in developing countries where traffic conditions (without 
line markers) can be highly variable and unpredictable. The process involves adjusting the model's input 
parameters to reflect the specific conditions of the local study area, such as network characteristics, 
infrastructure, and driver behaviour. This helps to ensure that the model accurately reflects the real-world 
traffic conditions and can be used to evaluate different scenarios effectively. Without proper sensitivity 
analysis (pre-selection of parameters) and calibration, traffic simulation models may produce unreliable 
results that do not accurately reflect the local traffic conditions, leading to incorrect or ineffective policy 
decisions. 

The predominant approach in scientific literature for calibration of traffic models is bio-inspired algorithms. 
It looks for optimizing the best set of model's parameters to minimise/maximise a performance metric (e.g., 
GEH, MAPE) when comparing simulated vs actual traffic data. Here the calibration procedure is formulated 
as a non-linear optimisation problem with the parameter values as the decision variables. The motivation to 
use this optimisation approach is that default model parameters can produce unrealistic driving behaviours. 
Common model parameters calibrated using bio-inspired strategies are mean headway, mean reaction time, 
time steps (number of discrete simulation intervals that are simulated per second), percentage of drivers 
familiar with the network, maximum acceleration and deceleration of cars, driver type, steering intention, 
vehicle speed and distance from obstacle, among others. Among the typical bio-inspired algorithms used we 
found genetic algorithms, tabu search, particle swarm optimisation and cuckoo search (Amirjamshidi & 
Roorda, 2019; An et al., 2022; Korček et al., 2013; Pourabdollah et al., 2018; Schultz & Rilett, 2004; D. Yang et 
al., 2019; L. Yu et al., 2006; M. Yu & (David) Fan, 2017). Other calibration methodologies found are Pareto 
approaches (Punzo et al., 2021), Gaussian process regression (Ciuffo & Lima Azevedo, 2014), Monte Carlo 
methods (Henclewood et al., 2016), Bayesian networks integrated with genetic algorithms (Q. Chen et al., 
2021), Mathematical programming (Paz et al., 2020). In a nutshell, all these calibration methodologies 
demonstrate high performance results in the calibration of traffic simulation models. However, as common 
denominator, all of them are computationally expensive, which can be a barrier for their implementation in 
real world applications. This is because computational capabilities for the calibration of models is an asset 
and not always available or affordable by City Councils. Thus, their contributions into some real-world 
scenarios could be limited. 

Regarding the sensitivity analyses of potential applicability to traffic simulation models, a new method has 
been developed recently in the context of i4Driving that provides an affordable and easy way to understand 
proxy of the existing good practices (first order and total order sensitivity indices, Saltelli et al., 2008). This 
method is based on an ersatz discrepancy measure in the input output bidimensional plane that is simple to 
explain in terms of ‘patterns’ or ‘inhomogeneities’ in the Y,Xi) plane, i.e. equivalent to a visual inspection of 
input-output scatterplots.    

The review of sensitivity analyses and calibration of traffic models shows there are no standard guidelines to 
carry out these procedures among the scientific community and, in the case of practitioners, there exist 
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guidelines at the national level, but these can change from one country to another. Thus, this scenario calls 
for the need of designing and testing methodologies able to check the robustness of calibration and 
validation of traffic simulation models across different types of traffic scenarios, which can be considered as 
a whole, in a baseline of traffic simulation scenarios (Ciuffo et al., 2012). 

8 Conclusions 

This report provides the key findings from a critical review of state-of the art techniques to encode drivers’ 
heterogeneity, focusing on the analysis of methodologies for quantifying input uncertainty. Firstly, a 
description of inter-driver heterogeneity, as well as a detailed explanation of the flow of uncertainty and its 
management has been provided. Thereafter, the problem of the inverse estimation or calibration has been 
addressed from the point of view of estimation methods and approaches to model state computation, 
providing a state-of-the art discussion about different frameworks adopted by several authors from the 
scientific literature, both for longitudinal and lateral model applications. The report also examines the 
application of calibration techniques in neural networks, presenting a critical review of methods and 
approaches for both longitudinal and lateral models. Additionally, it discusses the integration of environment 
perception to analyse vehicle behaviour, relevant for collision avoidance in automated vehicles, and 
concludes with a section on uncertainty modelling in traffic simulation practice, focusing on calibration and 
validation of microscopic traffic flow models. 

Among the innovations intended to be expressed through the current deliverable, rather interesting is the 
review of the technical literature from the perspective of model state computation. Indeed, an attempt to 
expand the definitions of local and global approaches given by Treiber and Kesting (Treiber & Kesting, 2013b) 
was made, giving a novel and alternative interpretation based on whether the prediction at the next instant 
is calculated using the vector of inputs at the current instant and the observed state, or the simulated state 
instead. 

Concerning estimation methods, several methodologies for calibrating longitudinal models have been 
discussed: the Least Squared Errors (LSE) method, the Maximum Likelihood Estimation (MLE) method, the 
method of Simulated Moments and the Bayesian method as an improvement of LSE or MLE. LSE, MLE and 
Bayesian approaches have been applied for longitudinal model applications, while MLE and the method of 
Simulated Moments have been used for lateral model applications. In terms of comparison, the LSE method 
is relatively simple and computationally efficient. The MLE method, with its probabilistic framework, allows 
for uncertainty quantification in such a better way but may require more computational resources. The 
Bayesian method offers a flexible approach that can handle uncertainties and incorporate prior knowledge, 
but it may be computationally demanding due to the need for sampling techniques.  

Overall, from the point of view of LSE in car-following applications, the guidelines of Punzo et al. (2021) bring 
order to the chaotic and, in some respects, careless use of the innumerable 𝐺𝑜𝐹𝑠 and 𝑀𝑜𝑃𝑠 by different 
authors of the scientific literature. The guidelines also include MLE and Bayesian methods in car-following 
application under the assumptions of the absence of serial correlations since the likelihood function 
degenerates in 𝑅𝑀𝑆𝐸. On the authors’ knowledge, with the exception of Treiber and Kesting’s work, there 
are currently no explicit applications involving intra-driver heterogeneity. 

Regarding lane-changing applications, the scientific literature veers towards a calibration based on the 
maximum likelihood method. This methodology fits well with the nature of lane-changing models which, with 
some exceptions (Gipps, 1986), are modelled according to Discrete Choice Theory. It is not possible to make 
an exhaustive comparison between the different calibration methodologies as the settings used differ from 
study to study. Therefore, a position in this review on which calibration method is more efficient to adopt for 
lane-changing models is not taken.  

Finally, Regarding AI applications on car-following models, as well as lane-changing applications, different 
predicted variable and loss functions are adopted by the frameworks previously described: a chaotic use of 
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different MoPs and Gofs is rather evident. An interesting field of research in this area could be to test the 
validity of the previous guidelines also in the context of neural networks, or else to create their own. On the 
other hand, regarding lane changing applications, the different frameworks agree on using the MSE as loss 
function, albeit with different predicted variables depending on the specific study they are implemented.  
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